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Abstract
You have m muffins and s students. You want to divide the muffins into pieces and
give the shares to students such that every student has ms muffins. Find a divide-and-
distribute protocol that maximizes the minimum piece. Let f(m, s) be the minimum
piece in the optimal protocol. We prove that f(m, s) exists, is rational, and finding it
is computable (though possibly difficult).
We show that f(m, s) can be derived from f(s,m); hence we need only consider
m ≥ s. For 1 ≤ s ≤ 6 we find nice formulas for f(m, s). We also find a nice formula
for f(s+ 1, s).
We give a function FC(m, s) such that, for m ≥ s + 2, f(m, s) ≤ FC(m, s). This
function permeates the entire paper since it is often the case that f(m, s) = FC(m, s).
More formally, for all s there is a nice formula FORM(m, s) such that, for all but a
finite number of m, f(m, s) = FC(m, s) = FORM(m, s).
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For those finite number of exceptions we have another function INT (m, s) such
that f(m, s) ≤ INT (m, s). It seems to be the case that when m ≥ s + 2, f(m, s) =
min{f(m, s), INT (m, s)}.
For s = 7 to 60 we have conjectured formulas for f(m, s) that include exceptions.
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1 Introduction
There is a vast literature on the following problem (stated informally): How can n people,
with different tastes, divide a cake fairly, in the best way[1, 2, 3, 4, 5, 7]. This problem
has parameters: what is fair? what is best? We give some examples: (1a) There is an
O(n logn)-cut discrete protocol for dividing a cake among n people so that everyone thinks
they have ≥ 1
n
[5]. (1b) Any protocol for the problem in 1a requires Ω(n log n) cuts [4]; (2)
There is a discrete protocol dividing a cake among n people so that everyone thinks they
have the largest piece or are tied. This is often called an envy free division. The number
of cuts is unbounded [3]. (3) There is a g(n)-cut discrete protocol dividing a cake among n
people in an envy free way where g(n) is a very fast growing function [1].
We raise and tackle a related but different problem. All of the people have the same
valuation and its geometric- so 1/3 of a muffin is worth 1/3. There are m muffins to be
divided among s people. Everyone will get exactly m
s
muffins. However, we want to maximize
the minimum piece so that nobody gets crumbs. A real world application might be when
cutting up diamonds since in that case you do not want small pieces.
We give an example:
You have 5 muffins and 3 students. You want to divide the muffins evenly, but no student
wants a small piece. Find a protocol that maximizes the smallest piece?
Convention 1.1 When discussing a muffin being cut we refer to pieces. When discussing
a student receiving we refer to shares. They are the same; however, it will be good to have
different terminologies to focus on whats important. We treat a piece, a share, and its value
as the same thing. So we may say let x ≥ 1
3
be given to a student.
The obvious protocol is to divide 2 muffins into (1
3
, 2
3
), leave the other 3 muffins uncut,
give 2 students [2
3
, 1] (a share of size 1 and a share of size 2
3
). and give 1 student [1
3
, 1
3
, 1].
The smallest piece in the above solution is 1
3
. Can we do better? We can:
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Theorem 1.2 There is a protocol that divides five muffins evenly among three students such
that the smallest piece is of size 5
12
. There is no protocol that yields a bigger smallest piece.
Proof: The following protocol works:
1. Divide 4 muffins into ( 5
12
, 7
12
).
2. Divide 1 muffin into (1
2
, 1
2
).
3. Give 2 students [ 7
12
, 7
12
, 1
2
].
4. Give 1 student [ 5
12
, 5
12
, 5
12
, 5
12
].
Assume there is a protocol for dividing up 5 muffins and distributing the shares to 3
students such that every student gets 5
3
muffins. We can assume that every muffin is cut
since if a muffin is uncut we will cut it in (1
2
, 1
2
) and give both halves to the intended recipient.
Let N be the size of the smallest piece produced.
Case 1: Some muffin is split into ≥ 3 pieces. Then N ≤ 1
3
< 5
12
.
Case 2: All muffins are cut into 2 pieces. Hence there are 10 pieces. Some student gets ≥ 4
shares. One of those shares is ≤ 5
3
× 1
4
= 5
12
.
This paper will address the following problem:
You have m muffins and s students. You want to divide the muffins into pieces and give
the shares to students such that every student has m
s
muffins. Find a divide-and-distribute
protocol that maximizes the minimum piece.
Def 1.3 Let m, s ∈ N. An (m, s)-protocol is a protocol to cut m muffins into pieces and then
distribute them to the s students so that each student gets m
s
muffins. An (m, s)-protocol is
optimal if it has the largest smallest piece of any protocol. f(m, s) is the size of the smallest
piece in an optimal (m, s)-protocol.
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It is not obvious that f(m, s) exists, is rational, or is computable. But it is. We will
prove the following in Appendix A.
Theorem 1.4 Let m, s ≥ 1.
1. There is a mixed integer program with O(ms) binary variables, O(ms) real variables,
O(ms) constraints, and all coefficients integers of absolute value ≤ max{m, s} such
that, from the solution, one can extract f(m, s) and a protocol that achieves this bound.
This MIP can easily be obtained given m, s. (In Section B we give more details on how
to actually write the program, along with some additions that might speed it up.)
2. f(m, s) is always rational. This follows from part 1.
3. In every optimal protocol for m muffins and s people all of the pieces are of rational
size. This follows from part 1.
4. The problem of, given m, s, determine f(m, s), is decidable. This follows from part 1.
5.
We came upon this problem in a pamphlet Julia Robinson Mathematics Festival: A
Sample of Mathemaical Puzzles compiled by Nancy Blachman. On Page 2 was The Muffin
Puzzle which asked about the problem for
• 3 muffins and 5 students
• 5 muffins and 3 students
• 6 muffins and 10 students
• 4 muffins and 7 students
Nancy Blackman atributes the problem to Alan Frank, as described by Jeremy Copeland [6]
We are the first ones to consider this problem seriously for general m, s.
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2 Summary of Results
In Sections 3 and 4 we give basic definitions and lemmas that we use throughout the paper.
In Section 5 we show f(m, s) = m
s
f(s,m). Hence, for the rest of the paper, we need only
look at the case where m ≥ s. Since the case of m = s is trivial (f(s, s) = 1), for the rest of
the paper we only deal with m ≥ s+ 1 (with the exception of Section 8).
In Section 6 we give an upper bound f(m, s) ≤ FC(m, s) (FC stands for Floor-Ceiling).
This upper bound will permeate the rest of the paper. This is because, as we will see in
Section 11, this upper bound is often the lower bound as well. The cases where f(m, s) 6=
FC(m, s) are, to quote a phrase, the exceptions that test the rule.
In Section 7 we prove f(24, 11) = 19
44
< FC(24, 11). Hence f(24, 11) 6= FC(24, 11). The
technique used on 24, 11 generalizes. We give an upper bound f(m, s) ≤ INT (m, s). (INT
stands for Interval). There are other examples like 24, 11; however, we do not quite know
what causes them or why they are distinct.
In Section 8 we completely solve the case of f(s − 1, s). In Section 9 we use this to
completely solve the case of f(s + 1, s) and to compare it to FC(m, s): for all s 6≡ 2,
f(s+1, s) < FC(s+1, s). This exception we understand since we have determined f(s+1, s)
exactly.
In Section 10 we, for 1 ≤ s ≤ 6, completely solve f(m, s). We obtain that, for all
1 ≤ s ≤ 6, for almost all (that is, for all but a finite number) f(m, s) = FC(m, s). We also
have a set of formula for FC(m, s). For each 1 ≤ s ≤ 6 we have, for each 0 ≤ i ≤ s − 1,
there are constants ai, bi, ci, di such that, for almost all m = ks + i, f(m, s) =
aik+bi
cik+di
. We
abbreviate by calling a set of formulas of this type a nice formula. In Appendix F we give
conjectures nice formulas for 7 ≤ s ≤ 60. In the next section we prove the existence of nice
formulas, though not necessarily the ones conjectured.
In Section 11 we show that, for all s, for almost all m, f(m, s) = FC(m, s). We also
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show that, for all s, there is a nice formula that, for almost all m, computes FC(m, s). The
upshot is that, for all s there is a nice formula that, for almost all m, computes f(m, s).
The results on FC and INT lead to a bold conjecture:
For all m, s with m ≥ s + 2 f(m, s) = min{FC(m, s), INT (m, s)}.
The results in Section 10 prove this conjecture for s = 1, 2, 3, 4, 5, 6. We have also shown
empirically that this conjecture holds for all (m, s) with 1 ≤ s ≤ 15 and s + 2 ≤ m ≤ 135,
though we do not present it.
In Section 12 we state our conjectures and propose a research plan.
In Appendix A we present a mixed integer program to find f(m, s) and some tips on
how to speed it up. This MIP establishes that f(m, s) exists, is rational, and the function
is computable. Note that none of this is obvious from the definition. In Appendix C (D) we
show how to convert the FC(m, s) upper bound (the INT (m, s) upper found) into a program
to find the actual bound (for FC(m, s) this is easy but for INT (m, s) this is difficult). In
Appendix E we present a program In Appendix F we present, for s = 7 to 60, conjectured
nice formulas for f(m, s). In Appendix G we present a table of data about how often, and
why, f(m, s) does not follow the conjectured formula for it.
3 Basic Definitions and Lemmas About Shares and Pieces
In this section we give three sets of definitions and three lemmas that use them. We will use
these lemmas throughout the paper without mentioning them.
Def 3.1 Let m, s ∈ N. Assume there is an (m, s)-protocol.
1. If a muffin is cut into t pieces then let piS(t) be the smallest piece of that muffin.
2. If a student is given u shares then let shS(u) (shL(u)) be the smallest (largest) share
that student gets. (We will later define u-student and you can note that shS(u) (shL(u))
is the smallest (largest) share a u-student gets.)
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Lemma 3.2 Let m, s ∈ N. Assume there is an (m, s)-protocol.
1. piS(t) ≤
1
t
.
2. shS(u) ≤
m
su
.
3. shL(u) ≥
m
su
.
Proof:
1) When a muffin, which has value 1, is cut into t pieces clearly some piece has to be ≤ 1
t
and some piece has to be ≥ 1
t
.
2,3) When a student, who gets m
s
, is given u shares clearly some share is ≤ m
su
and some
share is ≥ m
su
.
Def 3.3 Let m, s ∈ N. Assume there is an (m, s)-protocol.
1. A muffin that is cut into A pieces is an A-muffin. A piece from an A-muffin is an
A-piece.
2. Pieces that come from the same A-muffin are A-buddies. We often just say buddies.
Note that more than 2 shares can be buddies.
3. If x is a share then BS(x) (BL(x)) is the smallest (largest) buddy of x.
4. If x is a 2-piece then B(x) = BL(x) = BS(x).
Lemma 3.4 Let m, s ∈ N. Assume there is an (m, s)-protocol. Then
1. If x is an A-pieces then
• BS(x) ≤
1−x
A−1
• BL(x) ≥
1−x
A−1
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2. If x is a 2-piece then B(x) = 1− x (This follows from Part 1.)
Proof:
1) Take x from the A-muffin it is a piece of. Whats left is 1− x in A− 1 pieces. Clearly the
smallest share is ≤ 1−x
A−1
and the largest share is ≥ 1−x
A−1
.
Def 3.5 Let m, s ∈ N. Assume there is an (m, s)-protocol.
1. A student that gets A shares is an A-student. A share given to an A-student is an
A-share.
2. Shares that are given to the same A-student are A-matched. We often just say matched.
Note that more than 2 shares can be matched.
3. If x is a share then MS(x) (ML(x)) is the smallest (largest) match of x.
4. If x is a 2-share then M(x) = ML(x) = MS(x).
Lemma 3.6 Let m, s ∈ N. Assume there is an (m, s)-protocol. Then
1. If x is an A-shares then
• MS(x) ≤
(m/s)−x
A−1
• ML(x) ≥
(m/s)−x
A−1
2. If x is a 2-share then M(x) = m
s
− x (This follows from Part 1.)
Proof:
1) Take x from the A-student who has them. Whats left is m
s
− x in A− 1 shares. Clearly
the smallest share is ≤ (m/s)−x
A−1
and the largest share is ≥ (m/s)−x
A−1
.
Lemma 3.7 If m 6= s then no two 2-pieces can be both 2-buddies and 2-matched.
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Proof: If x, y are 2-buddies then x+ y = 1. If x, y are 2-matched then x+ y = m
s
. Since
m 6= s these cannot both be true.
4 Basic Theorems about f
Theorem 4.1 Let m, s ∈ N.
1. If s divides m then f(m, s) = 1.
2. If m divides s then f(m, s) = m
s
.
3. For all A, f(Am,As) ≥ f(m, s).
4. f(m, s) ≥ f(m− s, s).
Proof:
1) The protocol that shows f(m, s) ≥ 1 is: give everyone m
s
muffins. We always have
f(m, s) ≤ 1. Hence f(m, s) = 1.
2) By Theorem 5.1 f(m, s) = m
s
f(s,m). By Part 1 of this theorem f(s,m) = 1. Hence
f(m, s) = m
s
.
3) Here is an (xm, xs)-protocol whose smallest piece is f(m, s): Divide the xm muffins into
x piles, M1, . . . ,Mx of m muffins each. Divide the xs students into x piles, S1, . . . ,Sx of s
students each. Apply the optimal (m, s)-protocol to every (Mi,Si) pair.
4) Here is a protocol for f(m, s) that uses the protocol for f(m− s, s).
1. Apply the f(m−s, s) protocol on the first m−s muffins. Note that this gives everyone
m−s
s
= m
s
− 1 muffins.
2. There are s muffins left. Give each student a muffin. Everyone now has m
s
−1+1 = m
s
muffins.
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Theorem 4.1.3 raises the question: does f(m, s) only depend on m
s
. All of our upper
bound techniques depend only on m
s
. One of our conjectures is that f(m, s) only depends
on m
s
.
Theorem 4.1.1 and 4.1.2 mean that we will never have to deal with the cases where m
divides s or s divides m. This leads to two conventions.
Convention 4.2 We will assume that every muffin gets cut into at least 2 pieces. Here is
why we can do that. Assume you have an optimal (m, s) protocol.
Case 1: Some muffin is cut. Then f(m, s) ≤ 1
2
. Hence you can assume that all muffins are
cut. If the protocol gave a student a whole muffin then cut it in half and give the student
both halves. Since f(m, s) ≤ 1
2
this will not affect the optimally of the protocol
Case 2: All muffins are uncut. Then every student gets a whole number of muffins. In this
case s divides m and f(m, s) = 1 by Theorem 4.1.1. We will never deal with this case.
Convention 4.3 We will assume that every student gets at least 2 shares. Here is why we
can do that. Assume you have an optimal (m, s) protocol.
Case 1: Some student gets at least 2 shares. Then f(m, s) ≤ m
2s
. If the protocol gave some
other student 1 share then cut it in half and give the student both halves. Since f(m, s) ≤ m
2s
this will not affect the optimally of the protocol
Case 2: All students get 1 share. Hence every muffin is divided into s
m
pieces of size m
s
. In
this case m divides s and f(m, s) = m
s
by Theorem 4.1.2. We will never deal with this case.
5 f(≤ s, s)
In this section we show that the case of m ≤ s reduces to the case of m ≥ s. Hence, in all
future sections, we only look at the m ≥ s case.
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Theorem 5.1 Let m, s ∈ N. Then f(s,m) = s
m
f(m, s).
Proof:
Assume f(m, s) ≥ α. We show f(s,m) ≥ s
m
α. Let M1, . . . ,Mm be the muffins. Let
S1, . . . , Ss be the students. The protocol that achieves f(m, s) ≥ α must be of the following
form:
1. For each 1 ≤ i ≤ m divide Mi into pieces (ai1, ai2, . . . , aimi) where
∑mi
j=1 aij = 1.
2. For each 1 ≤ j ≤ s give Sj the shares [b1j , b2j , . . . , bsjj] where
∑sj
i=1 bij =
m
s
.
The following hold:
•
⋃m
i=1
⋃mi
j=1{aij} =
⋃s
j=1
⋃sj
i=1{bij}
• The min over all of the aij is α.
The following protocol shows that f(s,m) ≥ s
m
α. Let M ′1, . . . ,M
′
s be the muffins. Let
S ′1, . . . , S
′
m be the students.
1. For each 1 ≤ j ≤ s divide M ′j into (
s
m
b1j ,
s
m
b2j , . . . ,
s
m
bsjj). Note that
∑sj
i=1
s
m
bij =
s
m
∑sj
i=1 bij =
s
m
× m
s
= 1.
2. For each 1 ≤ i ≤ m give S ′j [
s
m
ai1,
s
m
aij , . . . ,
s
m
aimi ]. Note that
∑mi
j=1
s
m
aij =
s
m
∑mi
j=1 aij =
s
m
× 1 = s
m
.
Clearly this is a correct protocol and the minimum piece is of size s
m
α.
We now show that f(s,m) = s
m
f(m, s). By the above we have both (1) f(s,m) ≥
s
m
f(m, s), and (2) f(m, s) ≥ m
s
f(s,m). Hence
f(s,m) ≥
s
m
f(m, s) ≥
s
m
m
s
f(s,m) = f(s,m).
Therefore f(s,m) = s
m
f(m, s).
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6 Upper Bounds on f(m, s): The Floor-Ceiling Theorem
We will call our general theorem the Floor-Ceiling Theorem. The statement will tell you
why.
Theorem 6.1 Assume that m, s ∈ N and m
s
/∈ N.
f(m, s) ≤ max
{
1
3
,min
{
m
s ⌈2m/s⌉
, 1−
m
s ⌊2m/s⌋
}}
.
Proof:
Assume we have an optimal (m, s) protocol. Since m
s
/∈ N we can assume every muffin is
cut into at least 2 pieces.
Case 1: Some muffin is cut into u ≥ 3 pieces.
piS(u) ≤
1
3
.
Case 2: All muffins are cut into 2 pieces. Since there are 2m shares and s students both of
the following happen:
• Some student gets t ≥ ⌈2m/s⌉ shares.
shS(t) ≤
m
s ⌈2m/s⌉
.
• Some student gets t ≤ ⌊2m/s⌋ shares.
shL(t) ≥
m
s ⌊2m/s⌋
B(shL(t)) ≤ 1−
m
s ⌊2m/s⌋
.
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Putting together Cases 1 and 2 yields the theorem.
The upper bound from Theorem 6.1 only depends on m
s
. We formalize this thought.
Corollary 6.2 If f(m, s) ≤ α is shown by Theorem 6.1 then, for all A such that Am,As ∈
N, f(Am,As) ≤ α.
We will need a notation for the bound provided by Theorem 6.1
Notation 6.3 Assume that m, s ∈ N and m
s
/∈ N.
FC(m, s) = max
{
1
3
,min
{
m
s ⌈2m/s⌉
, 1−
m
s ⌊2m/s⌋
}}
.
7 Upper Bounds on f(m, s): The Interval Theorem
We present a theorem that gives a technique to find upper bounds on f(m, s). We first
give a concrete example of f(24, 11). In the example we also present a lower bound on
f(24, 11) (which matches the upper bound) for completeness; however, we do not need this
or generalize it in our main theorem.
We will call our general theorem the Interval Theorem. The proof will tell you why.
Theorem 7.1 f(24, 11) = 19
44
.
Proof:
The following protocol shows that f(24, 11) ≥ 19
44
.
1. Divide 12 muffins into (29
66
, 37
66
).
2. Divide 2 muffins into (1
2
, 1
2
).
3. Divide 8 muffins into (25
44
, 19
44
).
15
4. Divide 2 muffins into (23
44
, 21
44
).
5. Give 4 students [37
66
, 37
66
, 37
66
, 1
2
].
6. Give 2 students [25
44
, 25
44
, 25
44
, 21
44
].
7. Give 1 students [25
44
, 25
44
, 23
44
, 23
44
].
8. Give 4 students [29
66
, 29
66
, 29
66
, 19
44
, 19
44
].
Assume there is a (24, 11)-protocol. We show that there is a piece ≤ 19
44
. We express
most of the fractions in the proof as x
44
even is they can be reduced.
Case 1: Some muffin is cut into u ≥ 3 pieces.
piS(u) ≤
1
3
.
Case 2: Some student gets ≥ 6 shares. shS(6) ≤
24
11×6
= 4
11
< 19
44
.
Case 3: Some student gets ≤ 3 shares. B(shL(3)) ≤ 1−
8
11
= 3
11
< 19
44
.
Case 4: Every muffin is cut in 2 pieces and every student gets either 4 or 5 shares. Note
that the total number of shares is 48. Let s4 (s5) be the number of 4-students (5-students).
From
4s4 + 5s5 = 48
s4 + s5 = 11
we derive s4 = 7 and s5 = 4.
Case 4.1: There is a 5-share x ≤ 19
44
. This one is self-explanatory.
Case 4.2: There is a 5-share x ≥ 5
11
= 20
44
. MS(x) ≤
(24/11)−(5/11)
4
= 19
44
.
Case 4.3: There is a 4-share x ≤ 21
44
. ML(x) ≥
(24/11)−(21/44)
3
= 25
44
so B(ML(x)) ≤ 1−
25
44
= 19
44
.
Case 4.4: There is a 4-share x ≥ 25
44
. B(x) ≤ 1− 25
44
= 19
44
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Case 4.5: All 4-shares are in (21
44
, 25
44
) and all 5-shares are in (19
44
, 20
44
).
The following picture captures what we know so far.
( )[ ]( )
19
44
5-shs 20
44
No shs 21
44
4-shs 25
44
Claim 1: There are no shares x ∈ [23
44
, 24
44
].
Proof of Claim 1 If there was such a share then B(x) ∈ [20
44
, 21
44
]. By the premise of Case
4.5 there are no such shares.
End of Proof of Claim 1
By Claim 1 the 4-shares are split into two sets: those in (21
44
, 23
44
), which we call S4 shares
(S for Small) and those in ( 6
11
, 25
44
), which we call L4 shares (L for Large).
The following picture captures what we know so far.
( )[ ]( )[ ]( )
19
44
5-shs 20
44
No shs 21
44
S4 shs 23
44
No shs 24
44
L4 shs 25
44
Claim 2:
1. The number of 5-shares equals the number of L4 shares. Hence there are 5 × s5 =
5× 4 = 20 L4 shares.
2. Every 4-student has at least 3 L4 shares. Hence there are at least 3× s4 = 3× 7 = 21
L4 shares.
3. Case 4.5 cannot occur.
Proof of Claim:
1) If x is a 5-share then x < 20
44
so B(x) > 24
44
, hence B(x) is an L4 share. If y is an L4 share
then x > 24
44
, so B(x) < 20
44
, hence B(x) is a 5-share. Therefore B is a bijection of 5-shares
to L4 shares.
17
2) If a 4-student had ≤ 2 L4 shares then he has
< 2×
(
23
44
)
+ 2×
(
25
44
)
=
24
11
.
3) By Part 1 there are 20 L4 shares. By Part 2 there are at ≥ 21 L4 shares. Hence this case
cannot occur.
End of Proof of Claim
The proof of Theorem 7.1 illustrated one of the cases of the following theorem. If we
try to use the technique from Theorem 7.1, with V shares and (V − 1)-shares, any of the
following could happen:
1. The number of V -shares or (V − 1) shares could be ≤ −1. This of course cannot
happen, hence one of Cases 1,2,3 occurs.
2. Note that initially there is an interval where no shares can be. This leads to another
interval where no shares can be, which, in Theorem 7.1, was within the interval where
(V − 1)-shares are. For other (m, s) the second interval may be within the interval of
the V -shares. This happens when (m, s) = (16, 13).
3. The second interval overlaps with the first one. Hence there is one interval for V -
shares and one for (V −1)-shares, but one of them is rather small. This happens when
(m, s) = (11, 5).
The following theorem encompasses all of these possibilities.
Def 7.2 Let m, s ∈ N be such that m
s
> 1. Let 3 ≤ V ≤ m. Then
• f(x) = m
s
− x(V − 1). Note that (m/s)−f(x)
V−1
= x.
• g(x) = m
s
− V + 2 + x(V − 2). Note that 1− (m/s)−g(x)
V−2
= x.
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Theorem 7.3 Let m, s ∈ N be such that m
s
> 1. Let 3 ≤ V ≤ m. Let
sV = 2m− V s+ s
sV−1 = V s− 2m
I) If sV ≤ −1 or sV−1 ≤ −1 then
f(m, s) ≤ max
{
1
3
,
m
s(V + 1)
, 1−
m
s(V − 2)
}
For the next case assume sV , sV−1 ≥ 0.
II) Let Q be such that Q < f(Q) < g(Q) < 1 − Q and at least one of the following four
compound STATEMENTS holds:
STATEMENT ONE:
1. g(Q) < 1− g(Q), AND
2. (a)
⌊
V sV
sV −1
⌋
(1−Q) +
(
V − 1−
⌊
V sV
sV −1
⌋)
(1− g(Q)) ≤ m
s
OR
(b)
⌈
V sV
sV −1
⌉
(1− f(Q)) +
(
V − 1−
⌈
V sV
sV −1
⌉)
g(Q) ≥ m
s
STATEMENT TWO:
1. 1− f(Q) < f(Q), AND
2. (a) m
s
≤
⌊
(V−1)sV −1
sV
⌋
Q+
(
V −
⌊
(V−1)sV −1
sV
⌋)
(1− f(Q)) OR
(b) m
s
≥
(⌈
(V−1)sV −1
sV
⌉)
(1− g(Q)) +
(
V −
⌈
(V−1)sV −1
sV
⌉)
f(Q)
STATEMENT THREE:
1. 1− g(Q) = g(Q) AND
2. V sV 6= (V − 1)sV−1.
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STATEMENT FOUR:
1. 1− f(Q) = f(Q) AND
2. V sV 6= (V − 1)sV−1.
Then
f(m, s) ≤ max
{
1
3
,
m
s(V + 1)
, 1−
m
s(V − 2)
, Q
}
Proof:
Case 1: Some muffin is cut into ≥ 3 pieces. piS(3) ≤
1
3
.
Case 2: Some student gets ≥ V + 1 shares. shS(V + 1) ≤
m
s(V+1)
.
Case 3: Some student gets ≤ V − 2 shares. B(shL(V − 2)) ≤ 1−
m
s(V−2)
.
Case 4: Every muffin is cut into 2 pieces. Every student gets either V or V − 1 shares.
Note that the total number of shares is 2m. Let sV be the number of V -students sV−1 be
the number of (V − 1)-students. From
sV V + sV−1(V − 1) = 2m
sV + sV−1 = s
we can deduce
For V = 3 to m do the following
sV = 2m− V s+ s
sV−1 = V s− 2m
Case 4a: Either sV ≤ −1 or sV−1 ≤ −1. Hence Case 4 cannot occur and one of Cases 1,2,
or 3 occur. Therefore
f(m, s) ≤ max
{
1
3
,
m
s(V + 1)
, 1−
m
s(V − 2)
}
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The remaining cases assume sV , sV−1 ≥ 0.
Case 4b: There is a V -share x ≤ Q. This case is self-evident.
Case 4c: There is a V -share x ≥ f(Q).
MS(x) ≤
(m/s)− f(Q)
V − 1
= Q.
The equality follows from the definition of f .
Case 4d: There is a (V − 1)-share x ≤ g(Q).
ML(x) ≥
(m/s)− g(Q)
V − 2
B(ML(x)) ≤ 1−
(m/s)− g(Q)
V − 2
= Q
The last equality follows from the definition of g.
Case 4e: There is a (V − 1)-share x ≥ 1−Q.
B(x) = 1− (1−Q) = Q
Case 4f: All V -shares are in (Q, f(Q)) and all (V − 1)-shares are in (g(Q), 1−Q). By the
premise of the theorem Q < f(Q) < g(Q) < 1 − Q. Hence the following picture captures
what we know so far.
( )[ ]( )
Q V -Shs f(Q) No Shs g(Q) V − 1-Shs 1−Q
Claim 1: There are no shares x ∈ [1− g(Q), 1− f(Q)].
Proof of Claim 1 If there was such a share then B(x) ∈ [f(Q), g(Q)]. By the premise of
Case 4f there are no such shares.
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End of Proof of Claim 1
Case 4f.1: g(Q) < 1− g(Q) (hence Q < f(Q) < g(Q) < 1− g(Q) < 1− f(Q) < 1−Q) and
at least one of the following holds:
⌊
V sV
sV−1
⌋
(1−Q) +
(
V − 1−
⌊
V sV
sV−1
⌋)
(1− g(Q)) ≤
m
s
⌈
V sV
sV−1
⌉
(1− f(Q)) +
(
V − 1−
⌈
V sV
sV−1
⌉)
g(Q) ≥
m
s
.
By Claim 1 the (V − 1)-shares are split into two sets: those in (g(Q), 1 − g(Q)), which
we call SVm-shares (S for Small, V m for V − 1), and those in (1− f(Q), 1−Q), which we
call LV m-shares (L for Large, Vm for V − 1).
The following picture captures what we know so far.
( )[ ]( )[ ]( )
Q V -Shs f(Q) No Shs g(Q) SVm-Shs 1− g(Q) No Shs 1− f(Q) LV m-Shs 1−Q
Claim 2:
1. The number of V -shares equals the number of LV m-shares. Hence there are V sV
LV m-shares.
2. There is both:
• a (V − 1)-student that gets ≤
⌊
V sV
sV −1
⌋
LV m-shares, and
• a (V − 1)-student that gets ≥
⌈
V sV
sV −1
⌉
LV m-shares.
3. Case 4f.1 cannot occur.
Proof of Claim 2:
22
1) If x is a V -share then x < f(Q) so B(x) > 1 − f(Q), hence B(x) is an LV m-share. If y
is an LV m share then x > 1 − f(Q), so B(x) < f(Q), hence B(x) is a V -share. Therefore
B is a bijection of V -shares to LV m-shares.
2) This follows from Part 1.
3)
• The student who gets ≤
⌊
V sV
sV −1
⌋
LV m-shares gets
<
⌊
V sV
sV−1
⌋
(1−Q) +
(
V − 1−
⌊
V sV
sV−1
⌋)
(1− g(Q))
which we denote Z1.
• The student who gets ≥
⌈
V sV
sV −1
⌉
LV m-shares gets
>
⌈
V sV
sV−1
⌉
(1− f(Q)) +
(
V − 1−
⌈
V sV
sV−1
⌉)
g(Q)
which we denote Z2.
By the premise of Case 4f.1 one of the following occurs:
• Z1 ≤
m
s
, in which case the student gets < m
s
. This cannot occur.
• Z2 ≥
m
s
, in which case the student gets > m
s
. This cannot occur.
Hence Case 4f.1 cannot occur.
End of Proof of Claim 2
Case 4f.2: 1 − f(Q) < f(Q) (hence Q < 1 − g(Q) < 1 − f(Q) < f(Q) < g(Q) < 1 − Q)
and at least one of the following holds:
⌊
(V − 1)sV−1
sV
⌋
Q+
(
V −
⌊
(V − 1)sV−1
sV
⌋)
(1− f(Q)) ≥
m
s
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⌈
(V − 1)sV−1
sV
⌉
(1− g(Q)) +
(
V −
⌈
(V − 1)sV−1
sV
⌉)
f(Q) ≤
m
s
.
By Claim 1 the V -shares are split into two sets: those in (Q, 1 − g(Q)), which we call
SV -shares (S for Small) and those in (1 − f(Q), f(Q)), which we call LV -shares (L for
Large).
The following picture captures what we know so far.
( )[ ]( )[ ]( )
Q SV -Shs 1− g(Q) No Shs 1− f(Q) LV Shs f(Q) No Shs g(Q) V − 1-Shs 1−Q
Claim 3:
1. The number of SV -shares equals the number of (V − 1)-shares. Hence there are
(V − 1)sV−1 SV -shares.
2. There is (1) a V -student that gets ≤
⌊
(V−1)sV −1
sV
⌋
SV -shares, and (2) a V -student that
gets ≥
⌈
(V−1)sV −1
sV
⌉
SV -shares.
3. Case 4f.2 cannot occur.
Proof of Claim 3:
1) If x is an SV -share then x < 1− g(Q) so B(x) > g(Q), hence B(x) is an V −1 share. If x
is a V − 1 share then x > 1− g(Q), so B(x) < g(Q), hence B(x) is an SV -share. Therefore
B is a bijection of SV -shares to V − 1 shares.
2) This follows from Part 1.
3)
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• The student who gets ≤
⌊
(V−1)sV −1
sV
⌋
SV shares gets
>
⌊
(V − 1)sV−1
sV
⌋
Q+
(
V −
⌊
(V − 1)sV−1
sV
⌋)
(1− f(Q))
which we denote Z1.
• The student who gets ≥
⌈
(V−1)sV −1
sV
⌉
SV shares gets
<
⌈
(V − 1)sV−1
sV
⌉
(1− g(Q)) +
(
V −
⌈
(V − 1)sV−1
sV
⌉)
f(Q)
which we denote Z2.
By the premise of Case 4f.2 one of the following occurs:
• Z1 ≥
m
s
, in which case the student gets > m
s
. This cannot occur.
• Z2 ≤
m
s
, in which case the student gets < m
s
. This cannot occur.
End of Proof of Claim 3
Case 4f.3: g(Q) = 1− g(Q) (hence Q < f(Q) < g(Q) = 1− g(Q) = 1
2
< 1− f(Q) < 1−Q)
and V sV 6= (V − 1)sV−1.
Since we are in Case 4f there are no shares in [f(Q), g(Q)]. By Claim 1 there are no
shares in [1 − g(Q), 1 − f(Q)]. Hence by the premise of Case 4f.3 there are no shares in
[g(Q), 1− f(Q)]. Combining these two no-shares zones we have that there are no shares in
[f(Q), 1− f(Q)].
The following picture captures what we know so far.
( )[ ]( )
Q V -Shs f(Q) No Shs 1− f(Q) V − 1-Shs 1−Q
Claim 4:
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1. The number of V -shares equals the number of (V − 1)-shares.
2. Case 4f.3 cannot occur.
Proof of Claim 4:
1) If x is a V -share then x < f(Q) so B(x) > 1 − f(Q), hence B(x) is a (V − 1)-share. If
y is a (V − 1) share then x > 1 − f(Q), so B(x) < f(Q), hence B(x) is a (V − 1)-share.
Therefore B is a bijection of V -shares to LV m-shares.
2) By Part 1 the number of V -shares equals the number of (V − 1)-shares. Hence V sV =
(V − 1)sV−1. This contradicts the premise of Case 4f.3.
End of Proof of Claim 4
Case 4f.4: f(Q) = 1− f(Q) (hence Q < 1− g(Q) < f(Q) = 1− f(Q) = 1
2
< g(Q) < 1−Q)
and V sV 6= (V − 1)sV−1.
Since we are in Case 4f there are no shares in [f(Q), g(Q)]. By Claim 1 there are no
shares in [1 − g(Q), 1 − f(Q)]. Hence by the premise of Case 4f.3 there are no shares in
[1 − g(Q), f(Q)]. Combining these two no-shares zones we have that there are no shares in
[1− g(Q), g(Q)].
The following picture captures what we know so far.
( )[ ]( )
Q V -Shs 1− g(Q) No Shs g(Q) V − 1-Shs 1−Q
Claim 5:
1. The number of V -shares equals the number of (V − 1)-shares.
2. Case 4f.4 cannot occur.
Proof of Claim 5:
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1) If x is a V -share then x < 1 − g(Q) so B(x) > g(Q), hence B(x) is a (V − 1)-share. If
y is a (V − 1) share then x > g(Q), so B(x) < 1 − g(Q), hence B(x) is a (V − 1)-share.
Therefore B is a bijection of V -shares to LV m-shares.
2) By Part 1 the number of V -shares equals the number of (V − 1)-shares. Hence V sV =
(V − 1)sV−1. This contradicts the premise of Case 4f.4.
End of Proof of Claim 5
Cases 4f.1, 4f.2, 4f.3, 4f.4 cannot occur. Hence Case 4f cannot occur. Hence one of Case
4a, 4b, 4c, 4d must occur. The theorem follows.
The proof of the upper bound from Theorem 7.3 only depends on m
s
. We formalize this
thought.
Corollary 7.4 If f(m, s) ≤ α is shown by Theorem 7.3 then, for all A such that Am,As ∈
N, f(Am,As) ≤ α.
8 f(s− 1, s))
In this section we determine f(s− 1, s) for all s. There will be three formulas, one for each
i such that s ≡ i (mod 3). In the next section we restate these theorems together with
theorems about f(s+ 1, s) which we obtain by Theorem 5.1.
We first present f(12, 13) = 4
13
and discuss the key ideas in that proof that will be used
in the proofs of the general theorems. We then present the results for s ≡ 1, 2, 0 (mod 3) in
that order. We use that order since the proof for s ≡ 0 (mod 3) is much different than the
other two.
8.1 f(12, 13)
Theorem 8.1
1. f(12, 13) = 4
13
.
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2. f(13, 12) = 1
3
(this follows from Theorem 5.1).
Proof:
The following protocol show f(12, 13) ≥ 4
13
.
1. Divide 6 muffins into ( 4
13
, 4
13
, 5
13
).
2. Divide 6 muffins into ( 6
13
, 7
13
).
3. Give 4 students [ 4
13
, 4
13
, 4
13
].
4. Give 6 student [ 5
13
, 7
13
].
5. Give 3 students [ 6
13
, 6
13
].
We show that f(12, 13) ≤ 4
13
. Assume we have a protocol for (12, 13).
Case 1: There is a muffin cut into ≥ 4 pieces. piS(4) ≤
1
4
< 4
13
.
Case 2: There is a student with ≥ 3 shares. shS(3) ≤
12
13×3
= 4
13
.
Case 3: Every muffin is cut into 2 or 3 pieces and every student gets 2 shares. Note that
there are 26 shares. Let m2 (m3) be the number of 2-muffins (3-muffins). From
2m2 + 3m3 = 26
m2 +m3 = 12
we derive m2 = 10 and m3 = 2.
Case 3a: There is a 3-piece x ≥ 5
13
. Then
BL(x) ≤
1− (5/13)
2
=
4
13
Case 3b: There is a 3-piece x ≤ 4
13
. This case is self-evident.
Case 3c: All 3-pieces are in ( 4
13
, 5
13
).
Claim 1:
28
1. If x, y are 3-pieces then x and y are not matched.
2. If x, y are 3-pieces which are matched to x′, y′ then x′ and y′ are not buddies.
Proof of Claim 1:
a) Assume x ≤ y. Then y ≥ 12
13×2
= 6
13
> 5
13
which violates the premise of Case 3c.
b) Assume x′ ≤ y′ are buddies. Then x′ ≤ 1
2
, hence x ≥ 12
13
− 1
2
= 11
26
> 5
13
which violates the
premise of Case 3c.
End of Proof of Claim 1
Let
1. B0 be the set of six 3-pieces. (These are ⋄0’s in the picture below.)
2. M1 = M(B0). (These are •1’s in the picture below.)
3. B1 = B(M1). (These are ◦1’s in the picture below.)
4. E is the set of pieces that are not in B0 ∪B1 ∪M1. (These are ◦ in the picture below.)
The E stands for Eight since there are eight of them.
By Claim 1.2 no 2 pieces in B0 are matched, hence the picture is accurate.
The rows are 3-muffins or 2-muffins.
⋄0 ⋄0 ⋄0 (Sums to 1)
⋄0 ⋄0 ⋄0 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
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◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
Claim 2:
1. M1 ⊆ (
7
13
, 8
13
).
2. B1 ⊆ (
5
13
, 6
13
).
3. No 2 pieces in B1 are matched.
4. Case 3c cannot occur.
Proof of Claim 2:
1)
M1 =M(B0) ⊆
(
12
13
−
5
13
,
12
13
−
4
13
)
=
(
7
13
,
8
13
)
.
2)
B1 = B(M1) ⊆
(
1−
8
13
, 1−
7
13
)
=
(
5
13
,
6
13
)
.
3) If x, y ∈ B1 x+ y < 2×
6
13
= 12
13
. Hence x, y cannot be matched.
4) By (3) all of the pieces of B1 must match pieces in E. Since |E| = 8 there are 2 pieces
x ≤ y ∈ E that are not matched to anything in M1 and hence must match each other. By
Lemma 3.7 they can’t be buddies.
Since x ≤ y, x ≤ 6
13
, so B(x) ≥ 1− 6
13
= 7
13
. Since B(x) 6= y, M(B(x)) ∈ B1. But
M(B(x)) ≤
12
13
−
7
13
=
5
13
30
which contradicts Part 2.
The proofs of f(3k, 3k + 1) = k
3k+1
and f(3k + 1, 3k + 2) = 2k+1
6k+4
will follow the same
basic strategy of the proof of f(12, 13) = 4
13
in that Case 1 and 2 are similar, and Case 3 will
involve sets like the B0, B1, M1. The proofs differ in that there will be a variety of ways the
Case 0 and Case 1 of Case 3c goes. For f(12, 13) = 4
13
there were 4 muffins left over which
helped give a contradiction. In the other proofs there will be different numbers-of-muffins
and different routes to a contradiction.
The proof of f(3k + 3, 3k + 2) = 1
3
will be different and much easier.
8.2 f(3k, 3k + 1)
Theorem 8.2 If s ≡ 1 (mod 3) then f(s− 1, s) ≥ s−1
3s
= 1
3
− 1
3s
.
Proof: Since s ≡ 1 (mod 3) either s ≡ 1 (mod 6) or s ≡ 4 (mod 6). There are two
cases: s ≡ 1 (mod 6) or s ≡ 4 (mod 6).
Case 1: s ≡ 1 (mod 6). The following protocol shows that f(6k, 6k + 1) ≥ 2k
6k+1
.
1. Divide 6 muffins into ( 2k
6k+1
, 2k
6k+1
, 2k+1
6k+1
).
2. For 1 ≤ i ≤ k − 1 divide 6 muffins into (2k+i+1
6k+1
, 4k−i
6k+1
). (When i = k − 1 we divide 6
muffins into ( 3k
6k+1
, 3k+1
6k+1
).)
3. Give 4 students [ 2k
6k+1
, 2k
6k+1
, 2k
6k+1
]. (These pieces come from Step 1.)
4. For 1 ≤ j ≤ k − 1 give 6 student [ 2k+j
6k+1
, 4k−j
6k+1
]. (When j = 1 we get a 2k+1
6k+1
piece from
Step 1 and a 4k−1
6k+1
piece from Step 2 (i = 1).)
5. Give 3 students [ 3k
6k+1
, 3k
6k+1
]. (These pieces come from Step 2 (i = k − 1).)
Case 2: s ≡ 4 (mod 6). The following protocol shows that f(6k + 3, 6k + 4) ≥ 2k+1
6k+4
.
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1. Divide 6 muffins into (2k+1
6k+4
, 2k+1
6k+4
, 2k+2
6k+4
).
2. For 1 ≤ i ≤ k − 1 divide 6 muffins into (2k+2+i
6k+4
, 4k+2−i
6k+4
).
3. Divide 3 muffins into (3k+2
6k+4
, 3k+2
6k+4
).
4. Give 4 students [2k+1
6k+4
, 2k+1
6k+4
, 2k+1
6k+4
]. (These pieces come from Step 1.)
5. For 1 ≤ j ≤ k give 6 students [2k+1+j
6k+4
, 4k+2−j
6k+4
]. (When j = 1 we use a 2k+2
6k+4
piece from
Step 1 and a 4k+1
6k+4
piece from Step 2 (i = 1). When j = k we use a 3k+1
6k+4
piece from
Step 2 (i = k − 1) and a 3k+2
6k+4
piece from Step 3.)
Theorem 8.3 If s ≡ 1 (mod 3) then f(s− 1, s) = s−1
3s
= 1
3
− 1
3s
.
Proof:
By Theorem 8.2 we have f(s− 1, s) ≥ s−1
3s
. We prove f(s− 1, s) ≤ s−1
3s
.
Assume we have a protocol for (s, s − 1). Let k be such that s = 3k + 1. The cases of
k = 1 and k = 2 are special. During the proof we will do them separately.
Case 1: There is a muffin cut into ≥ 4 pieces. piS(4) ≤
1
4
< k
3k+1
.
Case 2: There is a student with ≥ 3 shares. shS(3) ≤
3k
(3k+1)×3
= k
3k+1
.
Case 3: Every muffin is cut into 2 or 3 pieces and every student gets 2 shares. Note that
there are 6k + 2 shares. Let m2 (m3) be the number of 2-muffins (3-muffins). From
2m2 + 3m3 = 6k + 2
m2 +m3 = 3k
we derive m2 = 3k − 2 and m3 = 2.
If k = 1 then m2 = 1 and m3 = 2. Hence there is a piece x ≥
1
2
. Note that M(x) ≤
3
4
− 1
2
= 1
4
= k
3k+1
. So this case is dealt with. Henceforth we can assume k ≥ 2.
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Case 3a: There is a 3-piece x ≥ k+1
3k+1
. Then
BL(x) ≤
1− ((k + 1)/(3k + 1))
2
=
k
3k + 1
Case 3b: There is a 3-piece x ≤ k
3k+1
. This case is self-evident.
Case 3c: All 3-pieces are in ( k
3k+1
, k+1
3k+1
).
Claim 1:
1. No two 3-pieces are matched.
2. If k = 2 then there is a piece of size ≤ 2
7
= k
3k+1
. (Hence for the rest of the proof we
assume k ≥ 3).
3. No two 3-pieces are matched to buddies.
Proof of Claim 1:
a) If two 3-pieces x ≤ y are matched then y ≥ 3k
(3k+1)×2
≥ k+1
3k+1
which violates the premise of
Case 3c. Note that we need k ≥ 2.
b) If k = 2 then there are two 3-muffins and four 2-muffins. By Part a all six 3-pieces are
matched to 2-pieces. When that is done there are two 2-pieces that are unmatched which
we call x, y. They must match each other, so x + y = 6
7
. They cannot be buddies since
x+ y 6= 1. We can assume x ≤ 3
7
. Then B(x) ≥ 4
7
. M(B(x)) ≤ 6
7
− 4
7
= 2
7
.
c) If two 3-pieces x ≤ y are matched to buddies x′ ≤ y′ then x′ ≤ 1
2
, hence x ≥ 3k+1
3k+2
− 1
2
=
3k
6k+4
> k+1
3k+1
which violates the premise of Case 3c. Note that we need k ≥ 3.
End of Proof of Claim 1
Let
1. B0 be the set of six 3-pieces. (These are ⋄0’s in the picture below.)
2. Let imax =
⌊
k
2
⌋
− 1. We define an infinite sequence of Mi, Bi but will later only care
about it up to imax or imax + 1. For i ≥ 1:
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(a) Mi =M(Bi−1). (These are •i’s in the picture below.)
(b) Bi = B(Mi). (These are ◦i in the picture below.)
By Claim 1.2 no 2 pieces in B0 are matched. We need to show that no 2 pieces in
M1,M2,M3, . . . ,Mimax are matched. Once that is done the picture will be proven accurate.
The rows are 3-muffins or 2-muffins.
⋄0 ⋄0 ⋄0 (Sums to 1)
⋄0 ⋄0 ⋄0 (Sums to 1)
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•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
...
...
...
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
...
...
...
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
So far this picture has covered 2+6imax muffins. How many more depends on if k is even
or odd. We will deal with that later.
Claim 2:
1. For all i ≥ 0 Bi ⊆ (
k+i
3k+1
, k+i+1
3k+1
).
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2. For all i ≥ 1 Mi ⊆ (
2k−i
3k+1
, 2k−i+1
3k+1
).
3. If k is even then:
• Bimax ⊆ (
3k−2
6k+2
, 3k
6k+2
).
• Bimax+1 ⊆ (
3k
6k+2
, 3k+2
6k+2
).
4. If k is odd then:
• Bimax ⊆ (
3k−3
6k+2
, 3k−1
6k+2
).
• Bimax+1 ⊆ (
3k−1
6k+2
, 3k+1
6k+2
).
5. For all 1 ≤ i ≤ imax no 2 pieces in Bi are matched. Hence for 1 ≤≤ imax + 1 Mi and
Bi have 6 pieces and the picture is accurate.
6. Case 3c cannot occur.
Proof of Claim 2:
1,2) We prove Part 1,2 by induction. The base case, B0 ⊆ (
k
3k+1
, k+1
3k+1
), is true by the premise
of this case.
Assume i ≥ 1 and that Part 1 is true i− 1. We show Part 2 is true for i, and then that
Part 1 is true for i.
Since Bi−1 ⊆ (
k+i−1
3k+1
, k+i
3k+1
),
Mi ⊆
(
3k
3k + 1
−
k + i
3k + 1
,
3k
3k + 1
−
k + i− 1
3k + 1
)
=
(
2k − i
3k + 1
,
2k − i+ 1
3k + 1
)
.
Since Mi ⊆ (
2k−i
3k+1
, 2k−i+1
3k+1
),
Bi ⊆
(
1−
2k − i+ 1
3k + 1
, 1−
2k − i
3k + 1
)
=
(
k + i
3k + 1
,
k + i+ 1
3k + 1
)
.
3,4) This follows from Part 1.
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5) If x, y ∈ Bimax then x+ y < 2× (
3k
6k+2
) = 3k
3k+1
. Hence x, y cannot be matched.
6) There are two cases.
Case 0: k ≡ 0 (mod 2). The sets B1, . . . , Bimax,M1, . . . ,Mimax cover 6(
k
2
− 1) = 3k − 6 2-
muffins. There are four 2-muffins left. We denote the set of pieces from those four 2-muffins
E (for Eight since there are Eight of them).
The following picture shows Mimax , Bimax, and E.
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
By (3) all of the pieces of Bimax must match pieces in E. Since |E| = 8 there are 2 pieces
x ≤ y ∈ E that are not matched to anything in Bimax and hence must match each other.
By Lemma 3.7 they can’t be buddies. Since x ≤ 3k
(3k+1)×2
, B(x) ≥ 1 − 3k
6k+2
= 3k+2
6k+2
. Since
B(x) 6= y, M(B(x)) ∈ Bimax . But
M(B(x)) ≤
3k
3k + 1
−
3k + 2
6k + 2
=
3k − 2
6k + 2
By Part 3 everything in Bimax is >
3k−2
6k+2
. Hence Case 0 cannot occur.
Case 1: k ≡ 1 (mod 2). Note that by (3) the pieces in Bimax cannot match each other,
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therefore Mimax+1 and Bimax+1 exist and have 6 pieces each (the pieces in Bimax+1 can match
each other). The sets B1, . . . , Bimax+1,M1, . . . ,Mimax+1 cover 6(imax + 1) = 6(
k−1
2
) = 3k − 3
2-muffins. There is one 2-muffins left. We call the pieces of this 2-muffin T (Since there are
Two of them.)
The following picture shows Mimax+1, Bimax+1, and T .
•imax+1 ◦imax+1 (Sums to 1)
•imax+1 ◦imax+1 (Sums to 1)
•imax+1 ◦imax+1 (Sums to 1)
•imax+1 ◦imax+1 (Sums to 1)
•imax+1 ◦imax+1 (Sums to 1)
•imax+1 ◦imax+1 (Sums to 1)
◦ ◦ (Sums to 1)
By Lemma 3.7 the pieces in T cannot match each other. Hence some x ∈ T with x ≥ 1
2
is
matched with some y ∈ Bimax+1. By Part 4 y >
3k−1
6k+2
hence: x+ y > 1
2
+ 3k−1
6k+2
= 6k
6k+2
= 3k
3k+1
.
Hence x, y cannot be matched.
8.3 f(3k + 1, 3k + 2)
Theorem 8.4 If s ≡ 2 (mod 3) then f(s− 1, s) ≥ 2s−1
6s
= 1
3
− 1
6s
.
Proof: There are two cases: s ≡ 2 (mod 6) and s ≡ 5 (mod 6).
Case 1: s ≡ 2 (mod 6). The following protocol shows that f(6k + 1, 6k + 2) ≥ 4k+1
12k+4
.
1. Divide 2 muffins into ( 4k+1
12k+4
, 4k+1
12k+4
, 4k+2
12k+4
).
2. For 1 ≤ i ≤ k divide 4 muffins into (4k+2i+1
12k+4
, 8k−2i+3
12k+4
).
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3. For 1 ≤ i ≤ k − 1 divide 2 muffins into (4k+2i+2
12k+4
, 8k−2i+2
12k+4
).
4. Divide 1 muffin ( 6k+2
12k+4
, 6k+2
12k+4
).
5. For 1 ≤ j ≤ k give 4 students [4k+2j−1
12k+4
, 8k−2j+3
12k+4
]. (When j = 1 we use a 4k+1
12k+4
piece
from Step 1 and a 8k+1
12k+4
piece from Step 2 (i = 1).)
6. For 1 ≤ j ≤ k give 2 students [ 4k+2j
12k+4
, 8k−2j+2
12k+4
]. (When j = 1 we use a 4k+2
12k+4
piece from
Step 1 and a 8k
12k+4
piece from Step 3 (i = 1). When j = k we use a 6k
12k+4
piece from
Step 3 (i = k − 1) and a 6k+2
12k+4
piece from Step 4.)
7. Give 2 student [ 6k+1
12k+4
, 6k+1
12k+4
]. (These pieces come from Step 2 (i = k).)
Case 2: s ≡ 5 (mod 6). The following protocol shows that f(6k + 4, 6k + 5) ≥ 4k+3
12k+10
.
1. Divide 2 muffins into ( 4k+3
12k+10
, 4k+3
12k+10
, 4k+4
12k+10
).
2. For 1 ≤ i ≤ k divide 4 muffins into (4k+2i+3
12k+10
, 8k−2i+7
12k+10
).
3. For 1 ≤ i ≤ k divide 2 muffins into (4k+2i+4
12k+10
, 8k−2i+6
12k+10
).
4. Divide 2 muffins ( 6k+5
12k+10
, 6k+5
12k+10
,).
5. For 1 ≤ j ≤ k+1 give 4 students [4k+2j+1
12k+10
, 8k−2j+7
12k+10
]. (When j = 1 we use a 4k+3
12k+10
piece
from Step 1 and a 8k+5
12k+10
piece from Step 2 (i = 1). When j = k + 1 we use a 6k+3
12k+10
piece from Step 2 (i = k) and a 6k+5
12k+10
piece from Step 4. )
6. For 1 ≤ j ≤ k give 2 students [4k+2j+2
12k+10
, 8k−2j+6
12k+10
]. (When j = 1 we use a 4k+4
12k+10
piece
from Step 1 and a 8k+4
12k+10
piece from Step 3 (i = 1). When j = k we use a 6k+2
12k+10
piece
from Step 3 (i = k − 1) and a 6k+6
12k+10
piece from Step 3 (i = k).)
7. Give 2 student [ 6k+4
12k+10
, 6k+4
12k+10
]. (These pieces come from Step 3 (i = k).)
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Theorem 8.5
1. f(1, 2) = 1
2
.
2. If s ≡ 2 (mod 3) and s ≥ 5 then f(s− 1, s) = 2s−1
6s
= 1
3
− 1
6s
.
Proof:
1) f(1, 2) ≤ 1
2
by Theorem 4.1.2.
2) By Theorem 8.4 we have f(s− 1, s) ≥ 2s−1
6s
. We prove f(s− 1, s) ≤ 2s−1
6s
.
Assume we have a protocol for (s, s − 1). Let k be such that s = 3k + 2. Since s ≥ 5,
k ≥ 1. The case of k = 1 is special. During the proof we will do it separately.
Case 1: There is a muffin cut into ≥ 4 pieces. piS(4) ≤
1
4
< 2k+1
6k+4
.
Case 2: There is a student with ≥ 3 shares. shS(3) ≤
3k+1
(3k+2)×3
< 2k+1
6k+4
Case 3: Every muffin is cut into 2 or 3 pieces and every student gets 2 shares. Note that
there are 6k + 4 shares. Let m2 (m3) be the number of 2-muffins (3-muffins). From
2m2 + 3m3 = 6k + 4
m2 +m3 = 3k + 1
we derive m2 = 3k − 1 and m3 = 2.
Case 3a: There is a 3-piece x ≥ k+1
3k+2
= 2k+2
6k+4
. Then
BL(x) ≤
1− ((k + 1)/(3k + 2))
2
=
2k + 1
6k + 4
Case 3b: There is a 3-piece x ≤ 2k+1
6k+4
. This case is self-evident.
Case 3c: All 3-pieces are in (2k+1
6k+4
, 2k+2
6k+4
).
Claim 1:
1. No two 3-pieces are matched.
2. No two 3-pieces are matched to buddies.
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Proof of Claim 1:
a) If two 3-pieces x ≤ y are matched then y ≥ 3k+1
(3k+2)×2
= 3k+1
6k+4
≥ 2k+2
6k+4
which violates the
premise of Case 3c. Note that we need k ≥ 1.
b) If two 3-pieces x ≤ y are matched to buddies x′ ≤ y′ then x′ ≤ 1
2
. There are two cases.
If k ≥ 2 then x ≥ 3k+1
3k+2
− 1
2
= 3k
6k+4
≥ 2k+2
6k+4
(this last inequality uses k ≥ 2) which violates
the premise of Case 3c.
If k = 1 then the premise is that all 3-pieces are in ( 3
10
, 4
10
). Note that y ≤ 3k+1
3k+2
− 1
2
=
4
5
− 1
2
= 3
10
which violates the premise of Case 3c.
End of Proof of Claim 1
Let
1. B0 be the set of six 3-pieces. (These are ⋄0’s in the picture below.)
2. Let imax =
⌊
k−1
2
⌋
. We define an infinite sequence of Mi, Bi but will later only care
about it up to imax. For i ≥ 1:
(a) Mi =M(Bi−1). (These are •i’s in the picture below.)
(b) Bi = B(Mi). (These are ◦i in the picture below.)
By Claim 1.2 no 2 pieces in B0 are matched. We need to show that no 2 pieces in
M1,M2,M3, . . . ,Mimax are matched. Once that is done the picture will be proven accurate.
The rows are 3-muffins or 2-muffins.
⋄0 ⋄0 ⋄0 (Sums to 1)
⋄0 ⋄0 ⋄0 (Sums to 1)
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•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
•1 ◦1 (Sums to 1)
...
...
...
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
•i ◦i (Sums to 1)
...
...
...
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
So far this picture has covered 2+6imax muffins. How many more depends on if k is even
or odd. We will deal with that later.
Claim 2:
1. For all i ≥ 0, Bi ⊆ (
2k+2i+1
6k+4
, 2k+2i+2
6k+4
).
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2. For all i ≥ 1, Mi ⊆ (
4k−2i+2
6k+4
, 4k−2i+3
6k+4
).
3. If k is even then Bimax ⊆ (
3k−1
6k+4
, 3k
6k+4
)
4. If k is odd then Bimax ⊆ (
3k
6k+4
, 3k+1
6k+4
)
5. For all 1 ≤ i ≤ imax no two pieces in Bi are matched. Hence, for 1 ≤ i ≤ imax, Mi+1
and Bi+1 have six pieces; therefore, the picture is accurate.
6. Case 3c cannot occur.
Proof of Claim 2:
1,2) We prove Part 1,2 by a simultaneous induction. The base case, B0 ⊆ (
2k+1
6k+4
, 2k+2
6k+4
), is
true by the premise of this case.
Assume i ≥ 1 and that Part 1 is true i− 1. We show Part 2 is true for i, and then that
Part 1 is true for i.
Since Bi−1 ⊆ (
2k+2i−1
6k+4
, 2k+2i
6k+4
),
Mi ⊆
(
6k + 2
6k + 4
−
2k + 2i
6k + 4
,
6k + 2
6k + 4
−
2k + 2i− 1
6k + 4
)
=
(
4k − 2i+ 2
6k + 4
,
4k − 2i+ 3
6k + 4
)
.
Since Mi ⊆ (
4k−2i+2
6k+4
, 4k−2i+3
6k+4
),
Bi ⊆
(
1−
4k − 2i+ 3
6k + 4
, 1−
4k − 2i+ 2
6k + 4
)
=
(
2k + 2i+ 1
6k + 4
,
2k + 2i+ 2
6k + 4
)
.
3,4) This follows from Part 1.
5) If x, y ∈ Bi with i ≤ imax then x+ y < 2×
3k+1
6k+4
. Hence x, y cannot be matched.
6) There are two cases.
Case 0: k ≡ 0 (mod 2). The sets B1, . . . , Bimax,M1, . . . ,Mimax cover 6(
k
2
− 1) = 3k − 6
2-muffins. There are five 2-muffins left. We denote the set of pieces from those five 2-muffins
T (for Ten since there are Ten of them).
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The following picture shows Mimax , Bimax, and E.
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
Since Bimax has 6 pieces and T has 5 muffins there exist x, y ∈ Bimax such that they match
x′ ≤ y′ who are buddies.
Since x′ ≤ 1
2
, x ≥ 6k+2
6k+4
− 1
2
= 3k
6k+4
But by Part 3 the pieces in Bimax are <
3k
6k+4
Hence
this case cannot occur.
Case 1: k ≡ 1 (mod 2). The sets B1, . . . , Bimax,M1, . . . ,Mimax cover 6(
k−1
2
) = 3k − 3 2-
muffins. There are two 2-muffins left. We denote the set of pieces from those two 2-muffins
F since there are Four of them.
The following picture shows the last few muffins.
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•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
•imax ◦imax (Sums to 1)
◦ ◦ (Sums to 1)
◦ ◦ (Sums to 1)
By Part 5 the pieces in Bimax cannot match each other. Hence they must all match pieces
in F . Since |Bimax| = 6 and |F | = 4 this cannot occur.
8.4 f(3k + 2, 3k + 3)
Theorem 8.6 If s ≡ 0 (mod 3) then f(s, s− 1) ≥ 1
3
.
Proof: There are two cases.
Case 1: s ≡ 0 (mod 6). The following protocol shows that f(6k + 1, 6k) ≥ 1
3
.
1. Divide 2 muffins into (2k
6k
, 2k
6k
, 2k
6k
).
2. For 1 ≤ i ≤ k − 1 divide 6 muffins into (2k+i
6k
, 4k−i
6k
).
3. Divide 3 muffins into (3k
6k
, 3k
6k
).
4. Give 6 students [2k
6k
, 2k
6k
, 2k+1
6k
]. (These pieces come from Step 1 and Step 2 (i = 1).)
5. For 1 ≤ j ≤ k − 2 give 6 students [4k−j
6k
, 2k+j+1
6k
].
6. Give 6 students [3k+1
6k
, 3k
6k
]. (These pieces come from Step 2 (i = k − 1) and Step 3.)
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Case 2: s ≡ 3 (mod 6). The following protocol shows that f(6k + 4, 6k + 3) ≥ 1
3
.
1. Divide 2 muffins into (2k+1
6k+3
, 2k+1
6k+3
, 2k+1
6k+3
).
2. For 1 ≤ i ≤ k divide 6 muffins into (2k+i+1
6k+3
, 4k−i+2
6k+3
).
3. Give 6 students [2k+1
6k+3
, 2k+1
6k+3
, 2k+2
6k+3
]. (These pieces come from Step 1 and Step 2 (i = 1).)
4. For 1 ≤ j ≤ k − 1 give 6 students [2k+j+2
6k+3
, 4k−j+2
6k+3
, ]. (When j = 1 we use a 2k+3
6k+3
piece
from Step 2 (i = 2) and a 4k+1
6k+3
piece from Step 2 (i = 1). When j = k − 1 we use a
3k+1
6k+3
piece from Step 2 (i = k) and a 3k+3
6k+3
piece from Step 2 (i = k − 1) .)
5. Give 3 students [3k+2
6k+3
, 3k+2
6k+3
]. (These pieces come from the Step 2 (i = k).)
Theorem 8.7 If s ≡ 0 (mod 3) then f(s− 1, s) = 1
3
.
Proof:
By Theorem 8.6 we have f(s− 1, s) ≥ 1
3
. We prove f(s− 1, s) ≤ 1
3
.
Assume we have a protocol for (s, s− 1). Let k be such that s = 3k. Note that k ≥ 1.
Assume we have a protocol for (3k − 1, 3k).
Case 1: There is a muffin cut into ≥ 3 pieces. piS(3) ≤
1
3
.
Case 2: There is a student with ≥ 3 shares. shS(3) ≤
3k−1
3k×3
< 1
3
Case 3: Every muffin is cut into 2 pieces and every student gets 2 shares. Counting by
muffins there are 2 × (3k − 1) = 6k − 2 pieces. Counting by shares there are 2 × 3k = 6k
shares. Hence this case cannot occur
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9 f(s− 1, s) and f(s+ 1, s)
By Theorems 8.3, 8.5, 8.7, and 5.1 we obtain the following:
Theorem 9.1
1. f(1, 2) = 1
2
.
2. If s ≡ 1 (mod 3) then f(s− 1, s) = s−1
3s
= 1
3
− 1
3s
.
3. If s ≥ 5 and s ≡ 2 (mod 3) then f(s− 1, s) = 2s−1
6s
= 1
3
− 1
6s
.
4. If s ≡ 0 (mod 3) then f(s− 1, s) = 1
3
.
1. f(2, 1) = 2
1
f(1, 2) = 2× 1
2
= 1.
2. If s ≥ 4 and s ≡ 1 (mod 3) then f(s+1, s) = s+1
s
f(s, s+1) = s+1
s
2s+1
6(s+1)
= 2s+1
6s
= 1
3
+ 1
6s
.
3. If s ≡ 2 (mod 3) then f(s+ 1, s) = s+1
s
f(s, s+ 1) = s+1
s
1
3
= s+1
3s
= 1
3
+ 1
3s
4. If s ≡ 0 (mod 3) then f(s+ 1, s) = s+1
s
f(s, s+ 1) = s+1
s
s
3(s+1)
= 1
3
.
The proofs of the upper bound from Theorem 9.1 only depends on m
s
. We formalize this
thought.
Corollary 9.2 If f(s + 1, s) ≤ α is shown by Theorem 9.1 then, for all A such that A(s +
1), As ∈ N, f(A(s+ 1), As) ≤ α. Similar result holds for f(s− 1, s).
Later we will be interested in when f(m, s) = FC(m, s). The next theorem takes care of
the m = s+ 1 case.
Theorem 9.3 For all s ≥ 3:
1. If s ≡ 0 (mod 3) then f(s + 1, s) = 1
3
. When s = 3, f(s + 1, s) = FC(s + 1, s), but
when s ≥ 6 then f(s+ 1, s) < FC(s+ 1, s).
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2. If s ≡ 1 (mod 3) then (1) if s = 4 then f(s + 1, s) = FC(s + 1, s), and (2) If s ≥ 7
then f(s+ 1, s) < FC(s+ 1, s)
3. If s ≡ 2 (mod 3) then f(s+ 1, s) = FC(m, s)
Proof:
We determine FC(s+ 1, s) for use in all three parts.
FC(s+ 1, s) = max
{
1
3
,min
{
s+ 1
s ⌈2(s+ 1)/s⌉
, 1−
s+ 1
s ⌊2(s+ 1)/s⌋
}}
.
= max
{
1
3
,min
{
s+ 1
3s
, 1−
s+ 1
2s
}}
Uses s ≥ 3.
= max
{
1
3
,min
{
s+ 1
3s
,
s− 1
2s
}}
.
By algebra
FC(s+ 1, s) =


1
3
if s = 3
3
8
if s = 4
s+1
3s
if s ≥ 5
(1)
1) Let s ≡ 0 (mod 3). By Theorem 9.1 f(s + 1, s) = 1
3
. By Equation 1 when s = 3,
f(s+ 1, s) = FC(s+ 1, s), but when s ≥ 6 then f(s+ 1, s) < FC(s+ 1, s).
2) Let s ≡ 1 mod 3. If s = 4 then, by Theorem 9.1, f(5, 4) = 3
8
, and by Equation 1
FC(5, 4) = 3
8
.
If s ≥ 7. By Theorem 9.1 f(s + 1, s) = 2s+1
6s
. By Equation 1 FC(s + 1, s) = s+1
3s
. By
Algebra, if s ≥ 7 then 2s+1
6s
< s+1
3s
. Hence, for s ≥ 7, f(s+ 1, s) < FC(s+ 1, s).
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3) Let s ≡ 2 mod 3 By Theorem 9.1 f(s+ 1, s) = s+1
3s
. By Equation 1 FC(s+ 1, s) = s+1
3s
.
Hence, for s ≡ 2 (mod 3), f(s+ 1, s) = FC(s+ 1, s).
10 f(m, s) for s = 1, 2, 3, 4, 5, 6
In this section we determine f(m, s) for 1 ≤ s ≤ 6 and any m. Since f(s,m) = m
s
f(m, s)
(Theorem 5.1) and f(m,m) = 1 (Theorem 4.1.1) we need only consider the case where
m > s.
We freely use that f(Am,As) = f(m, s) since this holds for all of our techniques, as
noted in Theorem 4.1 and Corollaries 6.2,7.4,7.4.
Throughout this section we state a theorem in such a way that the proof of the theorem
is embedded in the statement of it.
We use the following compact notation for protocols:
Notation 10.1
1. a − (α, β) means that a muffins are split into two pieces, one of size α, one of size β.
For example:
(24k + 18)−
(
10k + 7
20k + 15
,
10k + 8
20k + 15
)
means that 24k + 18 muffins are split in the ratio indicated. There is one time will
need to split a muffin into 3 pieces. In this one case we use the obvious extension of
the notation. If a = 1 we may omit it.
2. a− [a1 : α1, . . . , ai : αL] means that a students gets, for 1 ≤ i ≤ L, ai shares of size αi.
These are all of the shares those student will get. For example:
3−
[
(8k + 6) :
10k + 8
20k + 15
, (2k + 1) :
1
2
]
.
means that 3 students get 8k+6 shares of size 10k+8
20k+15
and 2k+1 shares of size 1
2
. Note
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that a1α1 + · · · + aLαL =
m
s
. We will only use using this for L = 1, 2, 3. If a = 1
(ai = 1) we may omit it.
Convention 10.2 We label cases based on what congruence class they are dealing with.
We give an example:
Case 1: m = 10k + 1
Case 1.1: m = 30k + 1
Case 1.11: m = 30k + 11
Case 1.21: m = 30k + 21
10.1 f(m, 1)
Theorem 10.3 f(m, 1) = 1 by Theorem 4.1.1.
10.2 f(m, 2)
Theorem 10.4
If m = 2k+ i where 0 ≤ i ≤ 1 then f(m, 2) depends only on i via a formula. Hence there
are 2 cases.
Case 0: s = 2k + 0 with k ≥ 1. Then f(2k, 2) = f(k, 1) = 1 by Theorem 10.3.
Case 1: s = 2k + 1 with k ≥ 1. Then f(2k + 1, 2) = 1
2
. The following protocol show
f(2k + 1, 2) ≥ 1
2
: divide every muffin into 2 pieces of size 1
2
and give every student 2k + 1
half-muffins. By Convention 4.2 (which holds when s does not divide m which is the case
here) every muffin is cut in 2 pieces, so f(2k + 1, s) ≤ 1
2
.
10.3 f(m, 3)
Theorem 10.5
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If m = 3k + i where 0 ≤ i ≤ 2 then f(m, 3) depends only on k, i via a formula. Hence
there are 3 cases.
Case 0: m = 3k + 0 with k ≥ 1. Then f(3k, 3) = 1 by Theorem 4.1.1.
For the rest of the cases the upper bound is obtained by Theorem 6.1. Hence we just give
the protocol.
Case 1: m = 3k + 1 with k ≥ 1. Then f(3k + 1, 3) = 3k−1
6k
.
1. 2k-(3k−1
6k
, 3k+1
6k
), (k + 1)-(1
2
, 1
2
).
2. [2k : 3k+1
6k
], 2-[k : 3k−1
6k
, k + 1 : 1
2
]
Case 2: m = 3k + 2 with k ≥ 1. Then f(3k + 2, 3) = 3k+2
6k+6
.
1. 2k + 2-(3k+2
6k+6
, 3k+4
6k+6
), k-(1
2
, 1
2
).
2. [2k + 2 : 3k+2
6k+6
], 2-[k + 1 : 3k+4
6k+6
, k : 1
2
].
10.4 f(m, 4)
Theorem 10.6
If m = 4k + i where 0 ≤ i ≤ 3 then f(m, 4) depends only on k, i via a formula. Hence
there are 4 cases.
Cases 1 and 3 both use the upper bound from Theorem 6.1; hence, in those cases, we only
present the lower bound (the protocol).
Case 0: m = 4k where k ≥ 1.. Then f(4k, 4) = 1 by Theorem 4.1.1.
Case 1: m = 4k + 1 where k ≥ 1. Then f(4k + 1, 4) = 4k−1
8k
.
1. 4k-(4k−1
8k
, 4k+1
8k
), 1-(1
2
, 1
2
).
2. 2-[2k : 4k+1
8k
], 2-[2k : 4k−1
8k
, 1 : 1
2
]
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Case 2: m = 4k + 2. f(4k + 2, 4) = f(2k + 1, 2) = 1
2
(by Theorem 10.4).
Case 3: m = 4k + 3 where k ≥ 1. Then f(4k + 3, 4) = 4k+1
8k+4
1. 4k + 2-(4k+1
8k+4
, 4k+3
8k+4
).
2. 1-(1
2
, 1
2
).
3. 2-[2k + 1 : 4k+3
8k+4
], 2-[2k + 1 : 4k+1
8k+4
, 1 : 1
2
]
10.5 f(m, 5)
We first state and prove a theorem that tells us what f(m, 5) is for all but two values of
m ≥ 5. We then state and prove the theorem that covers the missing two cases. We also
explain why they were missing.
Theorem 10.7 If m = 5k + i where 0 ≤ i ≤ 4 then f(m, 5) depends only on k, i via a
formula, given below, with 2 exceptions (we will note the exceptions).
Case 0: m = 5k+ 0 with k ≥ 1. Then f(5k, 5) = 1. (This is by Theorem 4.1.1 so we won’t
prove it.)
Case 1: m = 5k + 1 with k ≥ 1, k 6= 2. Then f(5k + 1, 5) = 5k+1
10k+5
. (Exception: f(11, 5) =
13
30
.)
Case 2: m = 5k + 2 with k ≥ 2. Then f(5k + 2, 5) = 5k−2
10k
. (Exception: f(7, 5) = 1
3
.)
Case 3: m = 5k + 3 with k ≥ 1. Then f(5k + 3, 5) = 5k+3
10k+10
.
Case 4: m = 5k + 4 with k ≥ 1. Then f(5k + 4, 5) = 5k+1
10k+5
.
Proof:
Case 1: m = 5k + 1 with k ≥ 3. Then f(5k + 1, 5) = 5k+1
10k+5
. There are cases mod 30.
m = 30k + 1 with k ≥ 1, f(30k + 1) = 30k+1
60k+5
1. (24k + 2)-(30k+1
60k+5
, 30k+4
60k+5
); 2-(30k+2
60k+5
, 30k+3
60k+5
); (6k − 3)-(1).
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2. 2-[12k + 1 : 30k+1
60k+5
]; 2-[8k + 1 : 30k+4
60k+5
, 30k+2
60k+5
, 2k − 1 : 1]; [8k : 30k+4
60k+5
, 2 : 30k+3
60k+5
, 2k − 1 : 1].
m = 30k + 6 with k ≥ 0, f(30k + 6) = 30k+6
60k+15
1. (24k + 6)-( 30k+6
60k+15
, 30k+9
60k+15
); (6k)-(1).
2. 2-[12k + 3 : 30k+6
60k+15
]; 3-[8k + 2 : 30k+9
60k+15
, , 2k : 1];
m = 30k + 11 with k ≥ 1, f(30k + 11) = 30k+11
60k+25
1. (24k + 10)-(30k+11
60k+25
, 30k+14
60k+25
), 2-(30k+12
60k+25
, 30k+13
60k+25
), (6k − 1)-(1).
2. 2-[12k+5 : 30k+11
60k+25
], 2-[8k+3 : 30k+14
60k+25
, 30k+13
60k+25
, 2k : 1], [8k+4 : 30k+14
60k+25
, 2 : 30k+12
60k+25
, 2k−1 : 1].
m = 30k + 16 with k ≥ 0, f(30k + 16) = 30k+16
60k+35
1. (24k + 14)-(30k+16
60k+35
, 30k+19
60k+35
), 2-(30k+17
60k+35
, 30k+18
60k+35
), 6k-(1).
2. 2-[12k + 7 : 30k+16
60k+35
], 2-[8k + 5 : 30k+19
60k+35
, 30k+17
60k+35
, 2k : 1], [8k + 4 : 30k+19
60k+35
, 2 : 30k+18
60k+35
, 2k : 1].
m = 30k + 21 with k ≥ 0, f(30k + 21) = 10k+7
20k+15
1. (24k + 18)-( 10k+7
20k+15
, 10k+8
20k+15
), (6k + 3)-(1),
2. 2-[12k + 9 : 10k+7
20k+15
], 3-[8k + 6 : 10k+8
20k+15
, (2k + 1) : 1],
m = 30k + 26 with k ≥ 0, f(30k + 26) = 30k+26
60k+55
1. (24k + 22)-(30k+26
60k+55
, 30k+29
60k+55
), 2-(30k+27
60k+55
, 30k+28
60k+55
), (6k + 2)-(1).
2. 2-[12k+11 : 30k+26
60k+55
], 2-[8k+7 : 30k+29
60k+55
, 30k+28
60k+55
, 2k+1 : 1], 1-[8k+8 : 30k+29
60k+55
, 2 : 30k+27
60k+55
, 2k :
1].
Case 2: m = 5k + 2 with k ≥ 1. Then f(5k + 2, 5) = 5k−2
10k
. There are cases mod 10.
m = 10k + 2 with k ≥ 1, f(10k + 2, 5) = 10k−2
20k
.
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1. 4k-(10k−2
20k
, 10k+2
20k
), (6k + 2)-(1
2
, 1
2
).
2. [4k : 10k+2
20k
], 4-[k : 10k−2
20k
, (3k + 1) : 1
2
].
m = 10k + 7 with k ≥ 1, f(10k + 7) = 10k+3
20k+10
.
1. 4k + 2-( 10k+3
20k+10
, 10k+7
20k+10
), 4k + 2-( 10k+4
20k+10
, 10k+6
20k+10
), (2k + 3)-(1
2
, 1
2
).
2. 1-[4k+2 : 10k+7
20k+10
], 2-[(2k+1) : 10k+3
20k+10
, 2k+1 : 10k+6
20k+10
, 1 : 1
2
] 2-[(2k+1) : 10k+4
20k+10
, 2k+2 : 1
2
]
Case 3: m = 5k + 3 with k ≥ 1. Then f(5k + 3, 5) = 5k+3
10k+10
. There are cases mod 10.
m = 10k + 3 with k ≥ 1, f(10k + 3) = 10k+3
20k+10
.
1. 4k + 2-( 10k+3
20k+10
, 10k+7
20k+10
), 3-( 10k+4
20k+10
, 10k+6
20k+10
), (6k − 2)-(1
2
, 1
2
).
2. [4k+2 : 10k+3
20k+10
], 3-[ 10k+4
20k+10
, (k+1) : 10k+7
20k+10
, 3k−1 : 1
2
] [3 : 10k+6
20k+10
, (k−1) 10k+7
20k+10
, 3k−1 : 1
2
]
m = 10k + 7 with k ≥ 1, f(10k + 7) = 10k+3
20k+10
.
1. 4k + 2-( 10k+3
20k+10
, 10k+7
20k+10
), 4k + 2-( 10k+4
20k+10
, 10k+6
20k+10
), (2k + 3)-(1
2
, 1
2
).
2. 1-[4k+2 : 10k+7
20k+10
], 2-[(2k+1) : 10k+3
20k+10
, 2k+1 : 10k+6
20k+10
, 1 : 1
2
] 2-[(2k+1) : 10k+4
20k+10
, 2k+2 : 1
2
]
Case 4: m = 5k + 4 with k ≥ 1. Then f(5k + 4, 5) = 5k+1
10k+5
.
m = 30k + 4 with k ≥ 1, f(30k + 4) = 30k+1
60k+5
1. (24k + 2)-(30k+1
60k+5
, 30k+4
60k+5
); 2-(30k+2
60k+5
, 30k+3
60k+5
); (6k)-(1).
2. 2-[12k + 1 : 30k+4
60k+5
]; 2-[8k + 1 : 30k+1
60k+5
, 30k+3
60k+5
, 2k : 1]; [8k : 30k+1
60k+5
, 2 : 30k+2
60k+5
, 2k : 1].
m = 30k + 9 with k ≥ 0, f(30k + 9) = 10k+2
20k+5
1. (24k + 6)-(10k+2
20k+5
, 10k+3
20k+5
); (6k + 3)-(1).
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2. 2-[12k + 3 : 10k+3
20k+5
]; 3-[8k + 2 : 10k+2
20k+5
, 2k + 1 : 1];
m = 30k + 14 with k ≥ 0, f(30k + 11) = 30k+11
60k+25
1. (24k + 10)-(30k+11
60k+25
, 30k+14
60k+25
), 2-(30k+12
60k+25
, 30k+13
60k+25
), (6k + 2)-(1).
2. 2-[12k+5 : 30k+14
60k+25
], 2-[8k+3 : 30k+11
60k+25
, 30k+12
60k+25
, 2k+1 : 1], [8k+4 : 30k+11
60k+25
, 2 : 30k+13
60k+25
, 2k : 1].
m = 30k + 19 with k ≥ 0, f(30k + 19) = 30k+16
60k+35
1. (24k + 14)-(30k+16
60k+35
, 30k+19
60k+35
), 2-(30k+17
60k+35
, 30k+18
60k+35
), (6k + 3)-(1).
2. 2-[12k+7 : 30k+19
60k+35
], 2-[8k+5 : 30k+16
60k+35
, 30k+18
60k+35
, 2k+1 : 1], [8k+4 : 30k+16
60k+35
, 2 : 30k+17
60k+35
, 2k+1 :
1].
m = 30k + 24 with k ≥ 0, f(30k + 24) = 10k+7
20k+15
1. (24k + 18)-( 10k+7
20k+15
, 10k+8
20k+15
), (6k + 6)-(1),
2. 2-[12k + 9 : 10k+8
20k+15
], 3-[8k + 6 : 10k+7
20k+15
, 2k + 2 : 1],
m = 30k + 29 with k ≥ 0, f(30k + 29) = 30k+26
60k+55
1. (24k + 22)-(30k+26
60k+55
, 30k+29
60k+55
), 2-(30k+27
60k+55
, 30k+28
60k+55
), (6k + 5)-(1),
2. 2-[12k + 11 : 30k+29
60k+55
], 2-[8k + 7 : 30k+26
60k+55
, 30k+27
60k+55
, 2k + 2 : 1], 1-[8k + 8 : 30k+26
60k+55
, 2 :
30k+28
60k+55
, 2k + 1 : 1].
There were a few cases that Theorem 10.7 did not cover. we cover them now and discuss
why they were not covered.
Theorem 10.8
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1. f(7, 5) = 1
3
.
2. f(11, 5) = 13
30
.
Proof:
1) f(7, 5) = 1
3
.
By Theorem 6.1 f(7, 5) ≤ 1
3
. By the following protocol f(7, 5) ≥ 1
3
.
1. (1
3
, 1
3
, 1
3
); 6-( 7
15
, 8
15
).
2. 3-[1
3
, 8
15
, 8
15
]; 2-[ 7
15
, 7
15
, 7
15
].
How come this result did not fall out of Theorem 10.7 Case 2? The protocol given in
that case would imply f(7, 5) ≥ 3
10
which is true but not optimal. We will see later in this
paper that, for fixed s, the bound of Theorem 6.1 gives a nice form similar to the one in
Theorem 10.7; however, that form does not work when f(m, s) = 1
3
.
2) f(11, 5) = 13
30
.
By Theorem 7.3.STATEMENT3 with V = 5, f(11, 5) ≤ 13
30
. By the following protocol
f(11, 5) ≥ 13
30
.
1. 6-(13
30
, 17
30
); 4-( 9
20
, 11
20
); (1
2
, 1
2
).
2. 2-[17
30
, 17
30
, 17
30
, 1
2
]; 2-[13
30
, 13
30
, 13
30
, 9
20
, 9
20
]; [11
20
, 11
20
, 11
20
, 11
20
].
How come this result did not fall out of Theorem 10.7? This is one of the rare cases where
the upper bound from Theorem 7.3, 11
25
, is smaller than the upper bound from Theorem 6.1,
13
30
. Hence there could not be a protocol showing f(11, 5) ≥ 11
25
. Nevertheless, what goes
wrong with the protocol given in the m = 30k + 11 case for k = 0? The protocol given
require having -1 muffins split (1
2
, 1
2
). This is, of course, impossible.
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10.6 f(m, 6)
We first state and prove a theorem that tells us what f(m, 6) is for all but two values of
m ≥ 5. We then state and prove the theorem that covers the missing two cases. We also
explain why they were missing.
Theorem 10.9 If m = 6k + i where 0 ≤ i ≤ 5 then f(m, 6) depends only on k, i via a
formula, given below, with 1 exceptions (we will note the exception).
Case 0: m = 6k+ 0 with k ≥ 1. Then f(6k, 6) = 1. (This is by Theorem 4.1.1 so we won’t
prove it.)
Case 1: m = 6k + 1 with k ≥ 2. Then f(6k + 1, 6) = 6k+1
12k+6
. (Exception: f(7, 6).)
Case 2: m = 6k + 2 with k ≥ 1. Then f(6k + 2, 6) = f(3k + 1, 3) = 3k−1
6k
.
Case 3: m = 6k + 3 with k ≥ 1. Then f(6k + 3, 6) = f(2k + 1, 2) = 1
2
.
Case 4: m = 6k + 4 with k ≥ 1. Then f(6k + 4, 6) = f(3k + 2, 3) = 3k+2
6k+6
.
Case 5: m = 6k + 5 with k ≥ 1. Then f(6k + 5, 6) = 6k+1
12k+6
.
Proof:
Case 1: m = 6k + 1 with k ≥ 2. Then f(6k + 1, 6) = 6k+1
12k+6
.
1. 4k + 2-( 6k+1
12k+6
, 6k+5
12k+6
), 2-( 6k+2
12k+6
, 6k+4
12k+6
), 2k − 3-(1
2
, 1
2
).
2. 2-[2k + 1 : 6k+1
12k+6
], 2-[k : 6k+5
12k+6
1 : 6k+4
12k+6
, k − 1 : 1
2
], 2-[k + 1 : 6k+5
12k+6
1 : 6k+2
12k+6
, k − 2 : 1
2
].
Case 2: By Theorem 4.1.3 f(6k + 2, 6) ≥ f(3k + 1, 3).
Let FC(m, s) be the upper bound on f(m, s) from Theorem 6.1 (we will use FC for
something else later so this notation is only for this proof). Note that, for all x ∈ N,
FC(m, s) = FC(mx, sx).
By Theorem 6.1
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f(6k + 2, 6) ≤ FC(6k + 2, 6) = FC(3k + 1, 3)
By Theorem 10.5 FC(3k+ 1, 3) = f(3k+ 1, 3). Hence we have f(6k+ 2) ≤ f(3k+ 1, 3).
Case 3,4: Similar to Case 2.
Case 5: m = 6k + 5 with k ≥ 1. Then f(6k + 5, 6) = 6k+1
12k+6
. There are cases mod 18.
m = 18k + 5 with k ≥ 1. f(18k + 5, 6) = 18k+1
30k+6
.
1. 12k + 2-(18k+1
36k+6
, 18k+5
36k+6
), 2-(18k+2
36k+6
, 18k+4
36k+6
), 6k + 1-(1
2
, 1
2
).
2. 2-[6k + 1 : 18k+5
36k+6
], 2-[3k : 18k+1
36k+6
, 18k+2
36k+6
, 3k + 1 : 1
2
], 2-[3k + 1 : 18k+1
36k+6
, 18k+4
36k+6
, 3k : 1
2
].
m = 18k + 11 with k ≥ 0. f(18k + 11, 6) = 18k+7
36k+18
.
1. 12k + 6-( 18k+7
36k+18
, 18k+11
36k+18
), 2-( 18k+8
36k+18
, 18k+10
36k+18
), 6k + 3-(1
2
, 1
2
).
2. 2-[6k+3 : 18k+11
36k+18
], 2-[3k+1 : 18k+7
36k+18
, 18k+8
36k+18
, 3k+2 : 1
2
], 2-[3k+2 : 18k+7
36k+18
, 18k+10
36k+18
, 3k+1 : 1
2
].
m = 18k + 17 with k ≥ 0. f(18k + 17, 6) = 18+13
36k+30
.
1. 12k + 10-(18k+13
36k+30
, 18k+17
36k+30
), 2-(18k+14
36k+30
, 18k+16
36k+30
), 6k + 5-(1
2
, 1
2
).
2. 2-[6k+5 : 18k+17
36k+30
], 2-[3k+2 : 18k+13
36k+30
, 18k+14
36k+30
, 3k+3 : 1
2
], 2-[3k+3 : 18k+13
36k+30
, 18k+16
36k+30
, 3k+2 : 1
2
].
Theorem 10.10 f(7, 6) = 13
36
Proof: By Theorem 9.1 f(7, 6) = 13
36
.
How come this result did not fall out of Theorem 10.9? This is one of the cases where the
upper bound from Theorem 9.1, 13
36
, is smaller than the upper bound from Theorem 6.1, 7
18
.
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Hence there could not be a protocol showing f(7, 6) ≥ 7
18
. Nevertheless, what goes wrong
with the protocol given in the m = 6k+1 case for k = 1? The protocol given require having
-1 muffins split (1
2
, 1
2
). This is, of course, impossible.
11 For fixed s, For Almost All m, f(m, s) = FC(m, s)
Recall Theorem 6.1:
Theorem 11.1 Assume that m, s ∈ N, s < m, and m
s
/∈ N. Then
f(m, s) ≤ max
{
1
3
,min
{
m
s ⌈2m/s⌉
, 1−
m
s ⌊2m/s⌋
}}
.
In this section we will show that, for fixed s, for large enough m, the bound in Theo-
rem 11.1 is f(m, s).
Lemma 11.2 If m > 2s then
1
3
< min
{
m
s ⌈2m/s⌉
, 1−
m
s ⌊2m/s⌋
}
Proof:
1) We show
1
3
<
m
s ⌈2m/s⌉
.
This is equivalent to
m
s ⌈2m/s⌉
<
2
3
.
Note that:
⌈2m/s⌉ < 2m/s+ 1 =
2m+ s
s
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ms ⌈2m/s⌉
>
m
2m+ s
Hence we need
m
2m+ s
>
1
3
3m > 2m+ s
m > s
2) We show 1
3
< 1− m
s⌊2m/s⌋
⌊2m/s⌋ > 2m/s− 1 = ((2m− s)/s)
m
s ⌊2m/s⌋
<
m
2m− s
So need
m
2m− s
<
2
3
3m < 4m− 2s
2s < m
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Using Lemma 11.2 and some notation that will come in handy later we restate Theo-
rem 11.1
Theorem 11.3 Let m, s be relatively prime such that m > 2s. Let V =
⌊
2m
s
⌋
. Note that
V /∈ N and hence
⌈
2m
s
⌉
= V + 1. Then
f(m, s) ≤ min
{
m
s(V + 1)
, 1−
m
sV
}
Notation 11.4 Let V =
⌊
2m
s
⌋
.
FC(m, s) = min
{
m
s(V + 1)
, 1−
m
sV
}
.
Note 11.5 Since our goal is to show f(m, s) ≥ FC(m, s), and with m > 2s FC(m, s) > 1
3
,
our protocols will never cut a muffin into ≥ 3 pieces. By our convention, our protocols never
leave a muffin uncut. Hence every muffin will be cut into two pieces.
For the rest of this section:
• s ≥ 3.
• m > 2s and m, s are relatively prime.
• V =
⌊
2m
s
⌋
. (Each student will get either V or V + 1 pieces.)
Let sV (sV+1) be how many students get V (V +1) pieces. Since every muffin is cut into
two pieces there will be 2m total pieces. Hence
sV + sV+1 = s
V sV + (V + 1)sV+1 = 2m
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Algebra shows that:
• sV = s+ V s− 2m
• sV+1 = 2m− V s
11.1 Case I: sV > sV+1
We show that if sV > sV+1 and m is large enough then f(m, s) = FC(m, s).
Let q, r be such that (V + 1)sV+1 = qsV + r with 0 ≤ r ≤ sV − 1.
Lemma 11.6 If m >
s2 + s
4
and sV > sV+1, then
m
s(V + 1)
≤ 1−
m
sV
.
Proof: By definition, sV > sV+1 =⇒ s+ V s− 2m > 2m− V s, which can be simplified
to 2m
s
< V + 1
2
. Letting
{
2m
s
}
= 2m
s
−
⌊
2m
s
⌋
,
{
2m
s
}
< 1
2
. Since
{
2m
s
}
is a fraction with integer
numerator and denominator s, it can be at most s−1
2s
. We have
m >
s2 + s
4
=⇒
2m
s
− 1 >
s− 1
2
=⇒ V =
⌊
2m
s
⌋
>
s− 1
2
=⇒
s− 1
2s
<
V
2V + 1
=⇒
{
2m
s
}
<
V
2V + 1
=⇒
m
s
<
2m
s
−
{
2m
s
}
2
+
V
4V + 2
=⇒
m
s
<
V
2
+
V
4V + 2
=⇒
m
s
(
1
V + 1
+
1
V
)
≤ 1
=⇒
m
s(V + 1)
≤ 1−
m
sV
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We present a protocol that will, if m, s satisfy conditions to be named later (though they
will include the premise of Lemma 11.6) yield f(m, s) = FC(m, s).
1. Divide sV+1(V + 1) muffins
[
m
s(V+1)
, 1− m
s(V+1)
]
. (Need m
s(V+1)
≤ 1− m
sV
.)
2. Divide (sV − r)r muffins
[
1
2
− 1
sV
(
1
2
− m
s(V+1)
)
, 1
2
+ 1
sV
(
1
2
− m
s(V+1)
)]
3. Divide 1
2
(sV (V − q− 2r) + 2r
2− r) = m− sV+1(V +1)− (sV − r)r muffins (
1
2
, 1
2
). (We
will later see that this equality holds and does not need a condition on m, s.)
4. Give sV+1 students (V + 1 :
m
s(V+1)
). (These students have m
s
muffins.)
5. Give sV − r students
(
q : 1 − m
s(V+1)
, r : 1
2
+ 1
sV
(
1
2
− m
s(V+1)
)
, V − q − r : 1
2
)
(Need
V − q − r ≥ 0.)
6. Give r students (q+1 : 1− m
s(V+1)
, sV − r :
1
2
− 1
sV
(
1
2
− m
s(V+1)
)
, V − q−1−sV + r :
1
2
)
.
(Need V − q − 1− sV + r ≥ 0.)
Claim 1: 1
2
(sV (V − q − 2r) + 2r
2 − r) = m− sV+1(V + 1)− (sV − r)r.
Proof:
We give two proofs.
Proof 1: A Conceptual Approach
Consider steps 1,2,3 with step 3 dividing m− sV+1(V +1)− (sV − r)r muffins into (
1
2
, 1
2
).
Step three creates 2(m− sV+1(V + 1)− (sV − r)r) pieces of size
1
2
.
Distribute all of the pieces as in steps 4, 5, and 6, except do not distribute the 1
2
pieces
yet. We can compute that the students in the sV group still need
1
2
(sV (V −q−2r)+2r
2−r) =
m− sV+1(V + 1)− (sV − r) pieces of muffin, and nobody else needs any more pieces. After
step 3, we have cut every muffin into two pieces. Thus, we have exactly enough pieces to
give sV people V pieces and sV+1 students V +1 pieces. We have computed already that we
have 2(m− sV+1(V + 1)− (sV − r)r) pieces left to give out, and that the students still need
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to receive 1
2
(sV (V − q − 2r) + 2r
2 − r) = m− sV+1(V + 1)− (sV − r), so those values must
be equal.
Proof 2: An Algebraic Approach
It is clear by algebra that
V (s+ V s− 2m)− 2m+ (V + 1)(2m− V s) = 0
By definition of sV and sV+1,
=⇒ V sV − 2m+ (V + 1)sV+1 = 0
Since qsV + r = (V + 1)sV+1,
=⇒ V sV − qsV − r = 2m− 2sV+1(V + 1)
=⇒ V sV − qsV − r − 2rsV + 2r
2 = 2m− 2sV+1(V + 1)− 2rsV + 2r
2
=⇒
1
2
(sV (V − q − 2r) + 2r
2 − r) = m− sV+1(V + 1)− (sV − r)r
End of Proof of Claim 1
Claim 2: Every student gets m
s
.
Proof:
Clearly the sV+1 students will receive
m
s
muffins. Thus if we distribute the remaining
muffin evenly among the sV students, they will each receive
m
s
muffin also. We may compute
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q(
1−
m
s(V + 1)
)
+ r
(
1
2
+
1
sV
(
1
2
−
m
s(V + 1)
))
+
1
2
(V − q − r)
−
(
(q + 1)
(
1−
m
s(V + 1)
)
+ (sV − r)
(
1
2
−
1
sV
(
1
2
−
m
s(V + 1)
))
+
1
2
(V − q − 1− sV + r)
)
=
m
s(V + 1)
− 1 +
(
1
2
−
m
s(V + 1)
)
+
1
2
= 0
So each student receives m
s
.
End of Proof of Claim 2
Lemma 11.7 If m ≥
s3 + 2s2 + s
2
and sV > sV+1, then V −q−r ≥ 0 and V −q−1−s+r ≥ 0
are satisfied.
Proof:
sV − 1 ≥ sV+1 and (V + 1)sV+1 = qsV + r
=⇒ (V + 1)(sV − 1) ≥ qsV + r
=⇒ V − q ≥
r + V + 1
sV
− 1
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Also,
m ≥
s3 + 2s2 + s
2
≥
s3 + s2 + s
2
=⇒
2m
s
− 1 ≥ s2 + s
=⇒ V =
⌊
2m
s
⌋
≥ s2 + s
=⇒ V ≥ sV r + sV
=⇒ V ≥ sV r + sV − r − 1
=⇒
r + V + 1
sV
− 1 ≥ r
The two inequalities give us V − q − r ≥ 0
Also,
m ≥
s3 + 2s2 + s
2
=⇒
2m
s
− 1 ≥ s2 + 2s
=⇒ V =
⌊
2m
s
⌋
≥ s2 + 2s
=⇒ V ≥ ssV + 2sV
=⇒ V ≥ ssV + 2sV − rsV − r − 1
=⇒
r + V + 1
sV
− 2− s+ r ≥ 0
Thus, V − q − 1− s+ r ≥ 0 so we are done.
Putting this all together we have the following theorem.
Theorem 11.8 If sV > sV+1 and m ≥
s3 + 2s2 + s
2
then f(m, s) = FC(m, s).
11.2 Case II: sV < sV+1
We show that if sV < sV+1 and m is large enough then f(m, s) = FC(m, s).
Let q, r be such that V sV = qsV+1 + r with 0 ≤ r ≤ sV+1 − 1.
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Lemma 11.9 If sV < sV+1 then
m
s(V + 1)
≥ 1−
m
sV
.
Proof: In fact, we will prove that 1−
m
sV
≤
m
s(V + 1)
if and only if V sV ≤ (V + 1)sV+1.
Since V < V + 1, the lemma follows.
Note that (V sV )
( m
sV
)
+ ((V + 1)sV+1)
(
m
s(V + 1)
)
= m = 1
2
(V sV ) +
1
2
(V sV+1). Let
x =
m
sV
−
1
2
and let y =
1
2
−
m
s(V + 1)
.
Then we have (V sV )
(
1
2
+ x
)
+((V +1)sV+1)
(
1
2
− y
)
= 1
2
(V sV )+
1
2
(V sV+1), so (x)(V sV ) =
(y)((V + 1)sV+1), so
x
y
=
(V + 1)sV+1
V sV
. The lemma follows.
We present a protocol that will, if m, s satisfy conditions to be named later (though they
will include the premise of Lemma 11.9) yield f(m, s) = FC(m, s).
1. Divide sV (V ) muffins
[
m
sV
, 1− m
sV
]
.
2. Divide (sV+1 − r)r muffins
[
1
2
− 1
sV +1
(
1
2
− m
sV
)
, 1
2
+ 1
sV +1
(
1
2
− m
sV
)]
.
3. Divide 1
2
(sV+1(V − q− 2r)+ 2r
2− sV +1+ r) = m− sV (V )− (sV +1− r)r muffins (
1
2
, 1
2
).
4. Give sV students (V :
m
sV
). (These students have m
s
muffins.)
5. Give sV+1 − r students
(
q : 1 − m
sV
, r : 1
2
+ 1
sV +1
(
1
2
− m
sV
)
, V + 1 − q − r : 1
2
)
(Need
V + 1− q − r ≥ 0.)
6. Give r students (q + 1 : 1 − m
sV
, sV+1 − r :
1
2
− 1
sV +1
(
1
2
− m
sV
)
, V − q − sV+1 + r :
1
2
)
.
(Need V − q − sV+1 + r ≥ 0.)
Claims 1 and 2 below have proofs very similar to Claims 1 and 2 in Section 11.1.
Claim 1: 1
2
(sV+1(V − q − 2r) + 2r
2 − sV+1 + r) = m− sV (V )− (sV+1 − r)r is identical.
Claim 2: Every student gets m
s
.
Theorem 11.10 Ifm ≥
s3 + s
2
and sV < sV+1, then V +1−q−r ≥ 0 and V−q−sV +1+r ≥ 0
are satisfied.
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Proof: From Lemma 11.9, we know that sV < sV+1 implies Case 2. sV < sV+1 and
V sV = qsV+1 + r
=⇒ V (sV+1 − 1) ≥ qsV+1 + r
=⇒ V − q ≥
V + r
sV+1
Also,
m ≥
s3 + s
2
=⇒
2m
s
− 1 ≥ s2
=⇒ V =
⌊
2m
s
⌋
≥ s2
=⇒ V ≥ rsV+1
=⇒ V ≥ rsV+1 − sV+1 − r
=⇒
V + r
sV+1
≥ r − 1
Thus, V + 1− q − r ≥ 0
Also,
m ≥
s3 + s
2
=⇒
2m
s
− 1 ≥ s2
=⇒ V =
⌊
2m
s
⌋
≥ s2
=⇒ V ≥ (sV+1)
2
=⇒ V ≥ (sV+1)
2 − rsV+1 − r
=⇒
V + r
sV+1
≥ sV+1 − r
The two inequalities give us V − q − sV+1 + r ≥ 0 so we are done.
Theorem 11.11 If sV < sV+1 and m ≥
s3 + s
2
then f(m, s) = FC(m, s).
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11.3 sV = sV+1
Lemma 11.12 sV = sV+1 =⇒ s = 4.
Proof: Assume sV = sV+1. Then s+ V s− 2m = 2m− V s so:
s+ 2V s = 4m =⇒
2m
s
= V +
1
2
So {2m
s
} = 1
2
. But since 2m is even, s must be a multiple of 4. Letting s = 4k,
2m = 4k
(
V + 1
2
)
= 2k(2V + 1) so m = k(2V + 1). Therefore, (m, s) is of the form
(k[2V + 1], 4k), and m, s relatively prime implies that k = 1 and s = 4, which we have
proven in section 10.4.
11.4 For almost all m, f(m, s) = FC(m, s) and Has a Nice Form
Combining Theorem’s 11.8 and 11.11, and stating the premises at the beginning of Section 11,
we obtain
Theorem 11.13 If s ≥ 3, m, s are relatively prime, and m ≥
s3 + 2s2 + s
2
then f(m, s) =
FC(m, s).
For large m, FC(m, s) has a very nice form.
Theorem 11.14 Let s ≥ 3. There exists {ai}
s−1
i=0 , {bi}
s−1
i=0 , {ci}
s−1
i=0 , {di}
s−1
i=0 such that, for
all m ≥
s2 + s
4
if m = ks+ i with 0 ≤ i ≤ s− 1 then
FC(m, s) =
aik + bi
cik + di
For all m ≥
s3 + 2s2 + s
2
f(m, s) follows the formula in Part 1. (this follows from Part 1
and Theorem 11.13.
69
Fix s. Then f(m, s) can be computed in O(s3M(L) time where L is the length of ⌊m/s⌋ and
M(L) is the time to multiply two L-bit numbers. Hence f(m, s) is fixed parameter tractable.
(By Part 1 f(m, s) can be computed with a mod, 2 multiplications by constants, 2 additions,
1 division, with all number of magnitude O(m/s). The Newton-Raphson division algorithm
takes O(M(L) time.
Proof: Given m ≥
s2 + s
4
Lemma 11.6 and Lemma 11.9 show which of { m
s(V+1)
, 1 − m
sV
}
is smaller. It is easy to see whether {2m
s
} < 1
2
, or whether equivalently sV > sV+1 (see proof
of Lemma 1.6), for each i, and substituting m = ks+ i gives the following result:
Case 1: 0 ≤ i ≤ ⌈ s
4
⌉ − 1. FC(m, s) = sk+i
2sk+s
.
Case 2: ⌈ s
4
⌉ ≤ i ≤ ⌈ s
2
⌉ − 1. FC(m, s) = sk−i
2sk
.
Case 3: ⌈ s
2
⌉ ≤ i ≤ ⌈3s
4
⌉ − 1. FC(m, s) = sk+i
2sk+2s
.
Case 4: ⌈3s
4
⌉ ≤ i ≤ s− 1. FC(m, s) = sk+s−i
2sk+s
.
12 Open Questions
The following conjectures are supported by the evidence in this paper.
All Techniques Conjecture:: For all m ≥ s + 2 f(m, s) ∈ {FC(m, s), INT (m, s)}. If
true then Theorems 6.1,7.3, and 9.1 cover all cases.
Ratio Conjecture: f(m, s) is a function of m
s
. This would follow from theAll Techniques
Conjecture
Complexity Conjecture: The problem of computing f(m, s) is in P This would follow
from the All Techniques Conjecture
13 Acknowledgments
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problem. We also thank Alan Frank who first came up with the problem.
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A Appendix A: f(m, s) Exists, is Rational, and Computable
Theorem A.1 Let m, s ≥ 1.
1. There is a mixed integer program with O(ms) binary variables, O(ms) real variables,
O(ms) constraints, and all coefficients integers of absolute value ≤ max{m, s} such
that, from the solution, one can extract f(m, s) and a protocol that achieves this bound.
This MIP can easily be obtained given m, s. (In Section B we give more details on how
to actually write the program, along with some additions that might speed it up.)
2. f(m, s) is always rational. This follows from part 1.
3. In every optimal protocol for m muffins and s people all of the pieces are of rational
size. This follows from part 1.
4. The problem of, given m, s, determine f(m, s), is decidable. This follows from part 1.
5.
Proof:
Consider the following (failed) attempt to solve the problem using linear programming.
1. The variables are xij where 1 ≤ i ≤ m and 1 ≤ j ≤ s. The intent is that xij is the
fraction of muffin i that student j gets.
2. For all 1 ≤ i ≤ m, 1 ≤ j ≤ s, 0 ≤ xij ≤ 1.
3. For each 1 ≤ i ≤ m,
∑s
j=1 xij = 1.
This says that the amount of muffin i that student 1 gets, students 2 gets, . . ., student
s gets all adds up to 1.
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4. For each 1 ≤ j ≤ s,
∑m
i=1 xij =
m
s
.
This says that the amount that student j gets from muffin 1, muffin 2, . . ., muffin m
all adds up to m
s
.
5. For all 1 ≤ i ≤ m, 1 ≤ j ≤ s, xij ≥ z.
6. Maximize z.
This does not work. The problem is that (say) x13 could be 0. In fact it is likely that
some xij is 0. This makes z = 0. What we really want is
xij 6= 0 =⇒ xij ≥ z
It is easy to show that f(m, s) ≥ 1
s
. Hence every nonzero xij is ≥
1
s
. We will use this in
our proof.
For 1 ≤ i ≤ m, 1 ≤ j ≤ s modify the linear program above as follows.
1. Add variable yij which is in {0, 1}.
2. Add the constraint xij + yij ≤ 1. Note that
• xij = 0 =⇒ xij + yij ≤ 1, so the constraint imposes no condition on yij.
• xij > 0 =⇒ yij < 1 =⇒ yij = 0 =⇒ xij + yij = xij .
3. Add the constraint xij + yij ≥
1
s
. Note that
• xij = 0 =⇒ yij ≥
1
s
=⇒ yij = 1 =⇒ xij + yij = 1
• xij > 0 =⇒ xij ≥
1
s
(since we know all non-zero pieces are≥ 1
s
) =⇒ xij+yij ≥
1
s
,
so the constraint imposes no condition on yij.
4. Replace the constraint z ≤ xij with z ≤ xij + yij.
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If xij = 0 then the constraint
z ≤ xij + yij = 1
is always met and hence is (as it should be) irrelevant. If xij > 0 then the constraint
z ≤ xij + yij = xij
is the constraint we want.
Solve the resulting mixed integer program. Since all of the coefficients are rational the
answer will be rational.
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B Appendix B: A Program Based on the Mixed Integer Program for f(m, s)
We will always have the following additional information:
1. Every muffin is divided into at least 2 pieces. Hence we have the additional constraints:
For each 1 ≤ i ≤ m,
∑m
j=1 yij ≥ 2.
2. Every student gets at least 2 shares. Hence we have the additional constraints: For
each 1 ≤ j ≤ s,
∑s
i=1 yij ≥ 2.
We call the constraints above EXTRA1
We will often also know that every muffin is cut into exactly 2 pieces. In this case we
replace the first set of constraints with, for each 1 ≤ i ≤ m,
∑m
j=1 yij = 2. We call the two
sets of constraints EXTRA2
We will often have the following additional information and constraints which will make
EXTRA1 and EXTRA2 redundant.
1. An α such that f(m, s) ≤ α. We aim to show f(m, s) ≥ α.
2. In any protocol that shows f(m, s) ≥ α every muffin is cut into exactly 2 pieces.
3. There is a natural number V such that every student has either V or V + 1 shares.
Let sV (sV+1) be the number of students who have V (V + 1). Then
sV + sV+1 = s
V sV + (V + 1)sV+1 = 2m
Algebra shows that:
• sV = s+ V s− 2m
• sV+1 = 2m− V s
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Here is how we use it:
1. Replace the constraint z ≤ xij + yij with the constraint α ≤ xij + yij. So we no longer
use the variable z.
2. Rather than trying to maximize anything we just want to know is there any point in
the space.
3. Since every muffin is cut into exactly 2 pieces we have, for each 1 ≤ i ≤ m, the
constraint
∑m
j=1 yij = 2.
4. We can assume that Students 1, . . . , sV get V shares, and students sV + 1, . . . , s get
V + 1 shares (we know that s− sV = sV+1). Keep in mind that if xij 6= 0 then yi = 0
and if xij = 0 then yi = 1. We have, the following 2 sets of constraints:
(a) For 1 ≤ j ≤ sV ,
∑m
i=1 yij = m− V .
(b) For sV + 1 ≤ j ≤ s,
∑m
i=1 yij = m− V − 1.
Notation B.1 We describe four MIP programs.
• MIP1(m, s) is the original mixed integer program with the constraints EXTRA1. Note
that it outputs an α such that f(m, s) ≥ α.
• MIP2(m, s) is the original mixed integer program with the constraints EXTRA2. Note
that it outputs an α such that f(m, s) ≥ α.
• MIP3(m, s, α, V ) is the program that (1) assumes that every student gets either V or
V + 1 shares and hence uses those constraints, and (2) assume the answer is α. Hence
this program just wants to find any solution that satisfies the constraints.
We will use MIP2, MIP3 in Section E when we present a program that finds upper and
lower bounds on f(m, s).
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C Appendix C: A Program Based on the Floor-Ceiling Theorem
Given m, s we can use Theorem 6.1 to computing an α such that f(m, s) ≤ α. We can also
compute V > M such that in the optimal protocol every student has either V or V − 1 or
· · · or M shares. We present the program.
1. Input(m, s).
2. α = max
{
1
3
,min
{
m
s⌈2m/s⌉
, 1− m
s⌊2m/s⌋
}}
.
3. Let V be the smallest number such that m
s
1
V+1
< α.
4. Let M be the largest number such that 1− m
s
1
M−1
< α.
5. Output (α, V,M).
Notation C.1 FCP (m, s) is the program described above. It returns both α such that
f(m, s) ≤ α, and auxiliary information V,M . All three; α, V,M , will be inputs to MIP3.
We will use FCP in Section E when we present a program that finds upper and lower
bounds on f(m, s).
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D Appendix D: A Program Based on the Interval Theorem
Theorem 7.3 as stated seems to need to have V,Q to produce an upper bound on f(m, s)
(which is usually Q). We show how to use find an appropriate V and Q. V is easy: just go
through all 3 ≤ V ≤ m.
We show how, given m, s, V , you can find the lowest possible Q. We omit the elementary
algebra. The program we present will also output V which will help the mixed integer
program we discussed in Section B.
We first present some facts we’ll need.
FACT ZERO: The premise Q < f(Q) < g(Q) < 1−Q is equivalent to
V − 2
2V − 3
< Q < min
{
m
sV
,
V − 1− m
s
V − 1
}
We denote this condition INIT (Q).
FACT ONE.1: g(Q) < 1− g(Q) is equivalent to
Q <
1
2
− m
s
+ V − 2
V − 2
.
FACT ONE.2a:⌈
V sV
sV −1
⌉
(1− f(Q)) +
(
V − 1−
⌈
V sV
sV −1
⌉)
g(Q) ≥ m
s
is equivalent to
⌊
V sV
sV−1
⌋
+
(
V − 1−
⌊
V sV
sV−1
⌋)(
V −
m
s
− 1
)
−
m
s
≤
(⌊
V sV
sV−1
⌋
+ (V − 2)
(
V − 1−
⌊
V sV
sV−1
⌋))
Q.
Let
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A =
⌊
V sV
sV −1
⌋
+
(
V − 1−
⌊
V sV
sV −1
⌋)(
V − m
s
− 1
)
− m
s
B =
⌊
V sV
sV −1
⌋
+ (V − 2)
(
V − 1−
⌊
V sV
sV −1
⌋)
We rewrite FACT ONE.2a as A ≤ BQ. It is tempting to divide by B; however, since
B ≤ 0 is possible we need to be careful.
FACT ONE.2b:⌈
V sV
sV −1
⌉
(1− f(Q)) +
(
V − 1−
⌈
V sV
sV −1
⌉)
g(Q) ≥ m
s
is equivalent to
m
s
−
(
V − 1−
⌈
V sV
sV−1
⌉)(
m
s
− V + 2
)
−
⌈
V sV
sV−1
⌉(
1−
m
s
)
≤
(⌈
V sV
sV−1
⌉
(V − 1) +
(
V − 1−
⌈
V sV
sV−1
⌉)
(V − 2)
)
Q.
Let
C = m
s
−
(
V − 1−
⌈
V sV
sV−1
⌉)(
m
s
− V + 2
)
−
⌈
V sV
sV −1
⌉(
1− m
s
)
D =
⌈
V sV
sV −1
⌉
(V − 1) +
(
V − 1−
⌈
V sV
sV −1
⌉)
(V − 2)
We rewrite FACT ONE.2b as C ≤ DQ. It is tempting to divide by D; however, since
D ≤ 0 is possible we need to be careful.
The equations in FACT ONE.2a and FACT ONE.2b give lower bounds on Q. We want
MINONE to be the smaller lower bound. We describe how to compute MINONE. There
are several cases. The symbol ∗ means no condition. Every case assumes the cases above
did not hold.
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A B C D MINONE
A ≤ 0 B = 0 ∗ ∗ 0
A > 0 B = 0 ∗ D > 0 C
D
∗ ∗ C ≤ 0 D = 0 0
A > 0 B = 0 C > 0 D = 0 ∞
A > 0 B = 0 ∗ D < 0 ∞
∗ B < 0 C > 0 D = 0 ∞
∗ B > 0 C > 0 D = 0 A
B
∗ B > 0 ∗ D > 0 min
{
A
B
, C
D
}
FACT ONE.3: The premise of STATEMENT ONE is equivalent to
MINONE ≤ Q <
1
2
− m
s
+ V − 2
V − 2
We will use MINONE in the program.
FACT TWO.1: 1− f(Q) < f(Q) is equivalent to
Q <
m
s
− 1
2
V − 1
.
FACT TWO.2a:
m
s
≤
⌊
(V − 1)sV−1
sV
⌋
Q+
(
V −
⌊
(V − 1)sV−1
sV
⌋)
(1− f(Q))
is equivalent to
m
s
−
(
V −
⌊
(V − 1)sV−1
sV
⌋)(
1−
m
s
)
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≤ Q
(⌊
(V − 1)sV−1
sV
⌋
+
(
V −
⌊
(V − 1)sV−1
sV
⌋)
(V − 1)
)
Let
A = m
s
−
(
V −
⌊
(V−1)sV −1
sV
⌋)(
1− m
s
)
B =
⌊
(V−1)sV −1
sV
⌋
+
(
V −
⌊
(V−1)sV −1
sV
⌋)
(V − 1)
We rewrite FACT TWO.2a as A ≤ BQ.
FACT TWO.2b:
m
s
≥
(⌈
(V − 1)sV−1
sV
⌉)
(1− g(Q)) +
(
V −
⌈
(V − 1)sV−1
sV
⌉)
f(Q)
is equivalent to
⌈
(V − 1)sV−1
sV
⌉(
V −
m
s
− 1
)
+
(
V −
⌈
(V − 1)sV−1
sV
⌉)
m
s
−
m
s
≤
(⌈
(V − 1)sV−1
sV
⌉
(V − 2) +
(
V −
⌈
(V − 1)sV−1
sV
⌉)
(V − 1)
)
Q
Let
C =
⌈
(V−1)sV −1
sV
⌉(
V − m
s
− 1
)
+
(
V −
⌈
(V−1)sV −1
sV
⌉)
m
s
− m
s
D =
⌈
(V−1)sV −1
sV
⌉
(V − 2) +
(
V −
⌈
(V−1)sV −1
sV
⌉)
(V − 1)
We rewrite FACT TWO.2b as C ≤ DQ.
The equations in FACT TWO.2a and FACT TWO.2b give lower bounds on Q. We want
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MINTWO to be the smaller lower bound. We describe how to compute MINTWO. There
are several cases. The symbol ∗ means no condition. Every case assumes the cases above
did not hold.
A B C D MINTWO
A ≤ 0 B = 0 ∗ ∗ 0
A > 0 B = 0 ∗ D > 0 C
D
∗ ∗ C ≤ 0 D = 0 0
A > 0 B = 0 C > 0 D = 0 ∞
A > 0 B = 0 ∗ D < 0 ∞
∗ B < 0 C > 0 D = 0 ∞
∗ B > 0 C > 0 D = 0 A
B
∗ B > 0 ∗ D > 0 min
{
A
B
, C
D
}
FACT TWO.3: The premise of STATEMENT TWO is equivalent to
MINTWO ≤ Q <
m
s
− 1
2
V − 1
We will use MINTWO in the program.
FACT THREE: The premise of STATEMENT THREE is equivalent to the following:
Q =
(
V − (m/s)− (3/2)
V − 2
)
∧ (V sV 6= (V − 1)sV−1).
FACT FOUR: The premise of STATEMENT FOUR is equivalent to the following:
Q =
(
(m/s)− (1/2)
V − 1
)
∧ (V sV 6= (V − 1)sV−1).
PROGRAM INT (m, s)
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For V = 3 to m
1) Compute
sV = 2m− V s+ s
sV−1 = V s− 2m
2) If sV ≤ −1 or sV−1 ≤ −1 then
ANSV = max
{
1
3
,
m
s(V + 1)
, 1−
m
s(V − 2)
}
and goto the next V value in the for loop.
3) We will find a value QV which corresponds to Q in the proof of Theorem 7.3.
3.1) Computing Q1V , the First Candidate For QV
Compute MINONE as above.
If
MINONE <
1
2
− m
s
+ V − 2
V − 2
then Q1V = MINONE, else Q1V = 1. (This is first a candidate for QV )
3.2) Computing Q2V , the Second Candidate For QV
Compute MINTWO as above.
If
MINTWO <
m
s
− 1
2
V − 1
then Q2V = MINTWO, else Q2V = 1.
3.3) Compute Q3V , the third candidate for QV
If V sV 6= (V − 1)sV−1 then Q3V =
V−(m/s)−(3/2)
V−2
, else Q3V = 1.
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3.4) Compute Q4V , the fourth candidate for QV
If V sV 6= (V − 1)sV−1 then Q4V =
(m/s)−(1/2)
V−1
, else Q4V = 1.
4) Let SETQ = {Q1V , Q2V , Q3V , Q4V }. LetQV be the leastQ ∈ SETQ such that INIT (Q)
holds (if no such exists then let QV = 1).
5) Compute ANSV
ANSV = max
{
1
3
,
m
s(V + 1)
, 1−
m
s(V − 2)
, QV
}
END OF For Loop
6) Compute ANSINT
We now have ANS3, ANS4, . . . , ANSm. Output
α = min{ANSV : 3 ≤ V ≤ m}.
together with the relevant V .
END OF PROGRAM INT
Notation D.1 INT (m, s) is the program described above. Note that it returns both α
such that f(m, s) ≤ α, and some auxiliary information V that we will use as part of the
input to MIP .
We will use INT in Section E when we present a program that finds upper and lower
bounds on f(m, s).
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E Appendix E: The Program
We describe a program that will, for every (m, s), output upper and lower bounds for f(m, s).
The program an easily be modified to also output (1) the protocol for the lower bound, and
(2) the theorem used to obtain the upper bound, and (3) the parameters needed for such
theorem. The program uses the following:
• Theorems 10.3, 10.4, 10.5, 10.6, 10.7, and 9.1.
• The programs MIP2, MIP3, FCP , and INT from Notations B.1, C.1, and D.1.
MUFFIN(m, s)
I) Let d = gcd(m, s). Find f(m/d, s/d). (So far all of our techniques only depend on m/s. If
we ever find techniques that do not just depend on m, s we will incorporate them and omit
this step.)
II) If m = 1, 2, 3, 4, 5, 6, s or s + 1 then use Theorems 10.3, 10.4, 10.5, 10.6, 10.7, 10.9,
4.1.1, or 9.1.
III) If s > m then find m
s
f(s,m).
IV) Compute (αFCP , VFCP ,MFCP ) = FCP (m, s)
V) Compute (αINT , VINT ) = INT (m, s)
VI) If αFCP < αINT then run MIP3(m, s, αFCP , VFCP ,MFCP ). If it outputs YES then
output αFCP .
VII) If αINT < αFCP then run MIP3(m, s, αINT , VINT , VINT − 1). If it outputs YES then
output αINT .
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F Appendix F: Conjectures for s = 7 to 60
Conjecture F.1 If m = 7k + i where 0 ≤ i ≤ 6 then f(m, 7) depends only on k, i via a
formula, given below, with 2 exceptions (we will note the exceptions).
Case 0: m = 7k + 0 with k ≥ 1. Then f(7k, 7) = 1.
Case 1: m = 7k + 1 with k ≥ 1. Then f(7k + 1, 7) = 7k+1
14k+7
.
Case 2: m = 7k + 2 with k ≥ 1. Then f(7k + 2, 7) = 7k−2
14k
.
Case 3: m = 7k + 3 with k ≥ 2. Then f(7k + 3, 7) = 7k−3
14k
. (Exception: f(10, 7) = 1/3
fc-exception.)
Case 4: m = 7k + 4 with k ≥ 1. Then f(7k + 4, 7) = 7k+4
14k+14
.
Case 5: m = 7k + 5 with k ≥ 1, k 6= 2. Then f(7k + 5, 7) = 7k+5
14k+14
. (Exception:
f(19, 7) = 25/56 int-exception.)
Case 6: m = 7k + 6 with k ≥ 1. Then f(7k + 6, 7) = 7k+1
14k+7
.
——————–
Conjecture F.2 If m = 8k + i where 0 ≤ i ≤ 7 then f(m, 8) depends only on k, i via a
formula, given below, with 1 exception (we will note the exception).
Case 0: m = 8k + 0 with k ≥ 1. Then f(8k, 8) = 1.
Case 1: m = 8k + 1 with k ≥ 1. Then f(8k + 1, 8) = 8k+1
16k+8
.
Case 3: m = 8k + 3 with k ≥ 2. Then f(8k + 3, 8) = 8k−3
16k
. (Exception: f(11, 8) = 1/3
fc-exception.)
Case 5: m = 8k + 5 with k ≥ 1. Then f(8k + 5, 8) = 8k+5
16k+16
.
Case 7: m = 8k + 7 with k ≥ 1. Then f(8k + 7, 8) = 8k+1
16k+8
.
——————–
Conjecture F.3 If m = 9k + i where 0 ≤ i ≤ 8 then f(m, 9) depends only on k, i via a
formula, given below, with 5 exceptions (we will note the exceptions).
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Case 0: m = 9k + 0 with k ≥ 1. Then f(9k, 9) = 1.
Case 1: m = 9k + 1 with k ≥ 1. Then f(9k + 1, 9) = 9k+1
18k+9
.
Case 2: m = 9k + 2 with k ≥ 1, k 6= 1, 3, 4, 5. Then f(9k + 2, 9) = 9k+2
18k+9
. (Excep-
tion: f(11, 9) = 13/36 int-exception, f(29, 9) = 41/90 int-exception, f(38, 9) = 59/126
int-exception, f(47, 9) = 37/78 int-exception.)
Case 4: m = 9k + 4 with k ≥ 2. Then f(9k + 4, 9) = 9k−4
18k
. (Exception: f(13, 9) = 1/3
fc-exception.)
Case 5: m = 9k + 5 with k ≥ 1. Then f(9k + 5, 9) = 9k+5
18k+18
.
Case 7: m = 9k + 7 with k ≥ 1. Then f(9k + 7, 9) = 9k+2
18k+9
.
Case 8: m = 9k + 8 with k ≥ 1. Then f(9k + 8, 9) = 9k+1
18k+9
.
——————–
Conjecture F.4 If m = 10k + i where 0 ≤ i ≤ 9 then f(m, 10) depends only on k, i via a
formula, given below.
Case 0: m = 10k + 0 with k ≥ 1. Then f(10k, 10) = 1.
Case 1: m = 10k + 1 with k ≥ 1. Then f(10k + 1, 10) = 10k+1
20k+10
.
Case 3: m = 10k + 3 with k ≥ 1. Then f(10k + 3, 10) = 10k−3
20k
.
Case 7: m = 10k + 7 with k ≥ 1. Then f(10k + 7, 10) = 10k+7
20k+20
.
Case 9: m = 10k + 9 with k ≥ 1. Then f(10k + 9, 10) = 10k+1
20k+10
.
——————–
Conjecture F.5 If m = 11k + i where 0 ≤ i ≤ 10 then f(m, 11) depends only on k, i via a
formula, given below, with 7 exceptions (we will note the exceptions).
Case 0: m = 11k + 0 with k ≥ 1. Then f(11k, 11) = 1.
Case 1: m = 11k + 1 with k ≥ 1. Then f(11k + 1, 11) = 11k+1
22k+11
.
Case 2: m = 11k + 2 with k ≥ 3. Then f(11k + 2, 11) = 11k+2
22k+11
. (Exception: f(13, 11) =
15/44 int-exception, f(24, 11) = 19/44 int-exception.)
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Case 3: m = 11k + 3 with k ≥ 1. Then f(11k + 3, 11) = 11k−3
22k
.
Case 4: m = 11k+4 with k ≥ 2. Then f(11k+4, 11) = 11k−4
22k
. (Exception: f(15, 11) = 1/3
fc-exception.)
Case 5: m = 11k+5 with k ≥ 2. Then f(11k+5, 11) = 11k−5
22k
. (Exception: f(16, 11) = 1/3
fc-exception.)
Case 6: m = 11k + 6 with k ≥ 1. Then f(11k + 6, 11) = 11k+6
22k+22
.
Case 7: m = 11k + 7 with k ≥ 1. Then f(11k + 7, 11) = 11k+7
22k+22
.
Case 8: m = 11k + 8 with k ≥ 1, k 6= 1, 3, 4. Then f(11k + 8, 11) = 11k+8
22k+22
. (Exception:
f(19, 11) = 9/22 int-exception, f(41, 11) = 61/132 int-exception, f(52, 11) = 83/176 int-
exception.)
Case 9: m = 11k + 9 with k ≥ 1. Then f(11k + 9, 11) = 11k+2
22k+11
.
Case 10: m = 11k + 10 with k ≥ 1. Then f(11k + 10, 11) = 11k+1
22k+11
.
——————–
Conjecture F.6 If m = 12k + i where 0 ≤ i ≤ 11 then f(m, 12) depends only on k, i via a
formula, given below, with 1 exception (we will note the exception).
Case 0: m = 12k + 0 with k ≥ 1. Then f(12k, 12) = 1.
Case 1: m = 12k + 1 with k ≥ 1. Then f(12k + 1, 12) = 12k+1
24k+12
.
Case 5: m = 12k+5 with k ≥ 2. Then f(12k+5, 12) = 12k−5
24k
. (Exception: f(17, 12) = 1/3
fc-exception.)
Case 7: m = 12k + 7 with k ≥ 1. Then f(12k + 7, 12) = 12k+7
24k+24
.
Case 11: m = 12k + 11 with k ≥ 1. Then f(12k + 11, 12) = 12k+1
24k+12
.
——————–
Conjecture F.7 If m = 13k + i where 0 ≤ i ≤ 12 then f(m, 13) depends only on k, i via a
formula, given below, with 11 exceptions (we will note the exceptions).
Case 0: m = 13k + 0 with k ≥ 1. Then f(13k, 13) = 1.
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Case 1: m = 13k + 1 with k ≥ 1. Then f(13k + 1, 13) = 13k+1
26k+13
.
Case 2: m = 13k+2 with k ≥ 2. Then f(13k+2, 13) = 13k+2
26k+13
. (Exception: f(15, 13) = 9/26
int-exception.)
Case 3: m = 13k + 3 with k ≥ 1, k 6= 1, 2, 4, 5, 6, 7. Then f(13k + 3, 13) = 13k+3
26k+13
.
(Exception: f(16, 13) = 14/39 int-exception, f(29, 13) = 45/104 int-exception, f(55, 13) =
85/182 int-exception, f(68, 13) = 37/78 int-exception, f(81, 13) = 137/286 int-exception,
f(94, 13) = 119/247 int-exception.)
Case 4: m = 13k + 4 with k ≥ 1. Then f(13k + 4, 13) = 13k−4
26k
.
Case 5: m = 13k+5 with k ≥ 2. Then f(13k+5, 13) = 13k−5
26k
. (Exception: f(18, 13) = 1/3
fc-exception.)
Case 6: m = 13k+6 with k ≥ 2. Then f(13k+6, 13) = 13k−6
26k
. (Exception: f(19, 13) = 1/3
fc-exception.)
Case 7: m = 13k + 7 with k ≥ 1. Then f(13k + 7, 13) = 13k+7
26k+26
.
Case 8: m = 13k + 8 with k ≥ 1. Then f(13k + 8, 13) = 13k+8
26k+26
.
Case 9: m = 13k + 9 with k ≥ 3. Then f(13k + 9, 13) = 13k+9
26k+26
. (Exception: f(22, 13) =
21/52 int-exception, f(35, 13) = 64/143 int-exception.)
Case 10: m = 13k + 10 with k ≥ 1. Then f(13k + 10, 13) = 13k+3
26k+13
.
Case 11: m = 13k + 11 with k ≥ 1. Then f(13k + 11, 13) = 13k+2
26k+13
.
Case 12: m = 13k + 12 with k ≥ 1. Then f(13k + 12, 13) = 13k+1
26k+13
.
——————–
Conjecture F.8 If m = 14k + i where 0 ≤ i ≤ 13 then f(m, 14) depends only on k, i via a
formula, given below, with 4 exceptions (we will note the exceptions).
Case 0: m = 14k + 0 with k ≥ 1. Then f(14k, 14) = 1.
Case 1: m = 14k + 1 with k ≥ 1. Then f(14k + 1, 14) = 14k+1
28k+14
.
Case 3: m = 14k + 3 with k ≥ 1, k 6= 1, 3, 4. Then f(14k + 3, 14) = 14k+3
28k+14
. (Exception:
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f(17, 14) = 5/14 int-exception, f(45, 14) = 16/35 int-exception, f(59, 14) = 131/280 int-
exception.)
Case 5: m = 14k+5 with k ≥ 2. Then f(14k+5, 14) = 14k−5
28k
. (Exception: f(19, 14) = 1/3
fc-exception.)
Case 9: m = 14k + 9 with k ≥ 1. Then f(14k + 9, 14) = 14k+9
28k+28
.
Case 11: m = 14k + 11 with k ≥ 1. Then f(14k + 11, 14) = 14k+3
28k+14
.
Case 13: m = 14k + 13 with k ≥ 1. Then f(14k + 13, 14) = 14k+1
28k+14
.
——————–
Conjecture F.9 If m = 15k + i where 0 ≤ i ≤ 14 then f(m, 15) depends only on k, i via a
formula, given below, with 9 exceptions (we will note the exceptions).
Case 0: m = 15k + 0 with k ≥ 1. Then f(15k, 15) = 1.
Case 1: m = 15k + 1 with k ≥ 1. Then f(15k + 1, 15) = 15k+1
30k+15
.
Case 2: m = 15k+2 with k ≥ 2. Then f(15k+2, 15) = 15k+2
30k+15
. (Exception: f(17, 15) = 7/20
int-exception.)
Case 4: m = 15k+4 with k ≥ 2. Then f(15k+4, 15) = 15k−4
30k
. (Exception: f(19, 15) = 9/25
int-exception.)
Case 7: m = 15k+7 with k ≥ 2. Then f(15k+7, 15) = 15k−7
30k
. (Exception: f(22, 15) = 1/3
fc-exception.)
Case 8: m = 15k + 8 with k ≥ 1. Then f(15k + 8, 15) = 15k+8
30k+30
.
Case 11: m = 15k+11 with k ≥ 1, k 6= 1, 2, 4, 5, 6, 8. Then f(15k+11, 15) = 15k+11
30k+30
. (Excep-
tion: f(26, 15) = 37/90 int-exception, f(41, 15) = 67/150 int-exception, f(71, 15) = 113/240
int-exception, f(86, 15) = 143/300 int-exception, f(101, 15) = 173/360 int-exception, f(131, 15) =
114/235 int-exception.)
Case 13: m = 15k + 13 with k ≥ 1. Then f(15k + 13, 15) = 15k+2
30k+15
.
Case 14: m = 15k + 14 with k ≥ 1. Then f(15k + 14, 15) = 15k+1
30k+15
.
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——————–
Conjecture F.10 If m = 16k + i where 0 ≤ i ≤ 15 then f(m, 16) depends only on k, i via
a formula, given below, with 3 exceptions (we will note the exceptions).
Case 0: m = 16k + 0 with k ≥ 1. Then f(16k, 16) = 1.
Case 1: m = 16k + 1 with k ≥ 1. Then f(16k + 1, 16) = 16k+1
32k+16
.
Case 3: m = 16k + 3 with k ≥ 2. Then f(16k + 3, 16) = 16k+3
32k+16
. (Exception: f(19, 16) =
11/32 int-exception.)
Case 5: m = 16k + 5 with k ≥ 1. Then f(16k + 5, 16) = 16k−5
32k
.
Case 7: m = 16k+7 with k ≥ 2. Then f(16k+7, 16) = 16k−7
32k
. (Exception: f(23, 16) = 1/3
fc-exception.)
Case 9: m = 16k + 9 with k ≥ 1. Then f(16k + 9, 16) = 16k+9
32k+32
.
Case 11: m = 16k+11 with k ≥ 2. Then f(16k+11, 16) = 16k+11
32k+32
. (Exception: f(27, 16) =
13/32 int-exception.)
Case 13: m = 16k + 13 with k ≥ 1. Then f(16k + 13, 16) = 16k+3
32k+16
.
Case 15: m = 16k + 15 with k ≥ 1. Then f(16k + 15, 16) = 16k+1
32k+16
.
——————–
Conjecture F.11 If m = 17k + i where 0 ≤ i ≤ 16 then f(m, 17) depends only on k, i via
a formula, given below, with 15 exceptions (we will note the exceptions).
Case 0: m = 17k + 0 with k ≥ 1. Then f(17k, 17) = 1.
Case 1: m = 17k + 1 with k ≥ 1. Then f(17k + 1, 17) = 17k+1
34k+17
.
Case 2: m = 17k + 2 with k ≥ 1. Then f(17k + 2, 17) = 17k+2
34k+17
.
Case 3: m = 17k + 3 with k ≥ 3. Then f(17k + 3, 17) = 17k+3
34k+17
. (Exception: f(20, 17) =
23/68 int-exception, f(37, 17) = 59/136 int-exception.)
Case 4: m = 17k + 4 with k ≥ 1, k 6= 1, 2, 3, 5, 6, 7, 8, 9. Then f(17k + 4, 17) = 17k+4
34k+17
.
(Exception: f(21, 17) = 6/17 int-exception, f(38, 17) = 59/136 int-exception, f(55, 17) =
90
31/68 int-exception, f(89, 17) = 145/306 int-exception, f(106, 17) = 179/374 int-exception,
f(123, 17) = 213/442 int-exception, f(140, 17) = 247/510 int-exception, f(157, 17) = 413/850
int-exception.)
Case 5: m = 17k + 5 with k ≥ 1. Then f(17k + 5, 17) = 17k−5
34k
.
Case 6: m = 17k+6 with k ≥ 2. Then f(17k+6, 17) = 17k−6
34k
. (Exception: f(23, 17) = 1/3
fc-exception.)
Case 7: m = 17k+7 with k ≥ 2. Then f(17k+7, 17) = 17k−7
34k
. (Exception: f(24, 17) = 1/3
fc-exception.)
Case 8: m = 17k+8 with k ≥ 2. Then f(17k+8, 17) = 17k−8
34k
. (Exception: f(25, 17) = 1/3
fc-exception.)
Case 9: m = 17k + 9 with k ≥ 1. Then f(17k + 9, 17) = 17k+9
34k+34
.
Case 10: m = 17k + 10 with k ≥ 1. Then f(17k + 10, 17) = 17k+10
34k+34
.
Case 11: m = 17k + 11 with k ≥ 1. Then f(17k + 11, 17) = 17k+11
34k+34
.
Case 12: m = 17k+12 with k ≥ 3. Then f(17k+12, 17) = 17k+12
34k+34
. (Exception: f(29, 17) =
41/102 int-exception, f(46, 17) = 61/136 int-exception.)
Case 13: m = 17k + 13 with k ≥ 1. Then f(17k + 13, 17) = 17k+4
34k+17
.
Case 14: m = 17k + 14 with k ≥ 1. Then f(17k + 14, 17) = 17k+3
34k+17
.
Case 15: m = 17k + 15 with k ≥ 1. Then f(17k + 15, 17) = 17k+2
34k+17
.
Case 16: m = 17k + 16 with k ≥ 1. Then f(17k + 16, 17) = 17k+1
34k+17
.
——————–
Conjecture F.12 If m = 18k + i where 0 ≤ i ≤ 17 then f(m, 18) depends only on k, i via
a formula, given below, with 3 exceptions (we will note the exceptions).
Case 0: m = 18k + 0 with k ≥ 1. Then f(18k, 18) = 1.
Case 1: m = 18k + 1 with k ≥ 1. Then f(18k + 1, 18) = 18k+1
36k+18
.
Case 5: m = 18k + 5 with k ≥ 1. Then f(18k + 5, 18) = 18k−5
36k
.
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Case 7: m = 18k+7 with k ≥ 2. Then f(18k+7, 18) = 18k−7
36k
. (Exception: f(25, 18) = 1/3
fc-exception.)
Case 11: m = 18k + 11 with k ≥ 1. Then f(18k + 11, 18) = 18k+11
36k+36
.
Case 13: m = 18k + 13 with k ≥ 1, k 6= 1, 3. Then f(18k + 13, 18) = 18k+13
36k+36
. (Exception:
f(31, 18) = 11/27 int-exception, f(67, 18) = 25/54 int-exception.)
Case 17: m = 18k + 17 with k ≥ 1. Then f(18k + 17, 18) = 18k+1
36k+18
.
——————–
Conjecture F.13 If m = 19k + i where 0 ≤ i ≤ 18 then f(m, 19) depends only on k, i via
a formula, given below, with 18 exceptions (we will note the exceptions).
Case 0: m = 19k + 0 with k ≥ 1. Then f(19k, 19) = 1.
Case 1: m = 19k + 1 with k ≥ 1. Then f(19k + 1, 19) = 19k+1
38k+19
.
Case 2: m = 19k + 2 with k ≥ 2. Then f(19k + 2, 19) = 19k+2
38k+19
. (Exception: f(21, 19) =
13/38 int-exception.)
Case 3: m = 19k + 3 with k ≥ 2. Then f(19k + 3, 19) = 19k+3
38k+19
. (Exception: f(22, 19) =
13/38 int-exception.)
Case 4: m = 19k + 4 with k ≥ 4. Then f(19k + 4, 19) = 19k+4
38k+19
. (Exception: f(23, 19) =
27/76 int-exception, f(42, 19) = 49/114 int-exception, f(61, 19) = 313/684 int-exception.)
Case 5: m = 19k+5 with k ≥ 2. Then f(19k+5, 19) = 19k−5
38k
. (Exception: f(24, 19) = 34/95
int-exception.)
Case 6: m = 19k + 6 with k ≥ 1. Then f(19k + 6, 19) = 19k−6
38k
.
Case 7: m = 19k+7 with k ≥ 2. Then f(19k+7, 19) = 19k−7
38k
. (Exception: f(26, 19) = 1/3
fc-exception.)
Case 8: m = 19k+8 with k ≥ 2. Then f(19k+8, 19) = 19k−8
38k
. (Exception: f(27, 19) = 1/3
fc-exception.)
Case 9: m = 19k+9 with k ≥ 2. Then f(19k+9, 19) = 19k−9
38k
. (Exception: f(28, 19) = 1/3
fc-exception.)
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Case 10: m = 19k + 10 with k ≥ 1. Then f(19k + 10, 19) = 19k+10
38k+38
.
Case 11: m = 19k + 11 with k ≥ 1. Then f(19k + 11, 19) = 19k+11
38k+38
.
Case 12: m = 19k + 12 with k ≥ 1. Then f(19k + 12, 19) = 19k+12
38k+38
.
Case 13: m = 19k+13 with k ≥ 2. Then f(19k+13, 19) = 19k+13
38k+38
. (Exception: f(32, 19) =
31/76 int-exception.)
Case 14: m = 19k + 14 with k ≥ 1, k 6= 1, 2, 3, 5, 6, 7, 8, 10. Then f(19k + 14, 19) =
19k+14
38k+38
. (Exception: f(33, 19) = 47/114 int-exception, f(52, 19) = 17/38 int-exception,
f(71, 19) = 123/266 int-exception, f(109, 19) = 181/380 int-exception, f(128, 19) = 73/152
int-exception, f(147, 19) = 257/532 int-exception, f(166, 19) = 295/608 int-exception, f(204, 19) =
547/1121 int-exception.)
Case 15: m = 19k + 15 with k ≥ 1. Then f(19k + 15, 19) = 19k+4
38k+19
.
Case 16: m = 19k + 16 with k ≥ 1. Then f(19k + 16, 19) = 19k+3
38k+19
.
Case 17: m = 19k + 17 with k ≥ 1. Then f(19k + 17, 19) = 19k+2
38k+19
.
Case 18: m = 19k + 18 with k ≥ 1. Then f(19k + 18, 19) = 19k+1
38k+19
.
——————–
Conjecture F.14 If m = 20k + i where 0 ≤ i ≤ 19 then f(m, 20) depends only on k, i via
a formula, given below, with 4 exceptions (we will note the exceptions).
Case 0: m = 20k + 0 with k ≥ 1. Then f(20k, 20) = 1.
Case 1: m = 20k + 1 with k ≥ 1. Then f(20k + 1, 20) = 20k+1
40k+20
.
Case 3: m = 20k+3 with k ≥ 2. Then f(20k+3, 20) = 20k+3
40k+20
. (Exception: f(23, 20) = 7/20
int-exception.)
Case 7: m = 20k+7 with k ≥ 2. Then f(20k+7, 20) = 20k−7
40k
. (Exception: f(27, 20) = 1/3
fc-exception.)
Case 9: m = 20k+9 with k ≥ 2. Then f(20k+9, 20) = 20k−9
40k
. (Exception: f(29, 20) = 1/3
fc-exception.)
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Case 11: m = 20k + 11 with k ≥ 1. Then f(20k + 11, 20) = 20k+11
40k+40
.
Case 13: m = 20k+13 with k ≥ 2. Then f(20k+13, 20) = 20k+13
40k+40
. (Exception: f(33, 20) =
41/100 int-exception.)
Case 17: m = 20k + 17 with k ≥ 1. Then f(20k + 17, 20) = 20k+3
40k+20
.
Case 19: m = 20k + 19 with k ≥ 1. Then f(20k + 19, 20) = 20k+1
40k+20
.
——————–
Conjecture F.15 If m = 21k + i where 0 ≤ i ≤ 20 then f(m, 21) depends only on k, i via
a formula, given below, with 17 exceptions (we will note the exceptions).
Case 0: m = 21k + 0 with k ≥ 1. Then f(21k, 21) = 1.
Case 1: m = 21k + 1 with k ≥ 1. Then f(21k + 1, 21) = 21k+1
42k+21
.
Case 2: m = 21k+2 with k ≥ 2. Then f(21k+2, 21) = 21k+2
42k+21
. (Exception: f(23, 21) = 5/14
int-exception.)
Case 4: m = 21k + 4 with k ≥ 3. Then f(21k + 4, 21) = 21k+4
42k+21
. (Exception: f(25, 21) =
29/84 int-exception, f(46, 21) = 73/168 int-exception.)
Case 5: m = 21k + 5 with k ≥ 1, k 6= 1, 2, 3, 4, 6, 7, 8, 9, 10, 11, 12. Then f(21k + 5, 21) =
21k+5
42k+21
. (Exception: f(26, 21) = 22/63 int-exception, f(47, 21) = 73/168 int-exception,
f(68, 21) = 115/252 int-exception, f(89, 21) = 157/336 int-exception, f(131, 21) = 221/462
int-exception, f(152, 21) = 263/546 int-exception, f(173, 21) = 61/126 int-exception, f(194, 21) =
347/714 int-exception, f(215, 21) = 389/798 int-exception, f(236, 21) = 106/217 int-exception,
f(257, 21) = 233/476 int-exception.)
Case 8: m = 21k+8 with k ≥ 2. Then f(21k+8, 21) = 21k−8
42k
. (Exception: f(29, 21) = 1/3
fc-exception.)
Case 10: m = 21k+10 with k ≥ 2. Then f(21k+10, 21) = 21k−10
42k
. (Exception: f(31, 21) =
1/3 fc-exception.)
Case 11: m = 21k + 11 with k ≥ 1. Then f(21k + 11, 21) = 21k+11
42k+42
.
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Case 13: m = 21k + 13 with k ≥ 1. Then f(21k + 13, 21) = 21k+13
42k+42
.
Case 16: m = 21k+16 with k ≥ 2. Then f(21k+16, 21) = 21k+5
42k+21
. (Exception: f(37, 21) =
23/56 int-exception.)
Case 17: m = 21k + 17 with k ≥ 1. Then f(21k + 17, 21) = 21k+4
42k+21
.
Case 19: m = 21k + 19 with k ≥ 1. Then f(21k + 19, 21) = 21k+2
42k+21
.
Case 20: m = 21k + 20 with k ≥ 1. Then f(21k + 20, 21) = 21k+1
42k+21
.
——————–
Conjecture F.16 If m = 22k + i where 0 ≤ i ≤ 21 then f(m, 22) depends only on k, i via
a formula, given below, with 8 exceptions (we will note the exceptions).
Case 0: m = 22k + 0 with k ≥ 1. Then f(22k, 22) = 1.
Case 1: m = 22k + 1 with k ≥ 1. Then f(22k + 1, 22) = 22k+1
44k+22
.
Case 3: m = 22k + 3 with k ≥ 2. Then f(22k + 3, 22) = 22k+3
44k+22
. (Exception: f(25, 22) =
31/88 int-exception.)
Case 5: m = 22k+5 with k ≥ 1, k 6= 1, 2, 4, 5, 6. Then f(22k+5, 22) = 22k+5
44k+22
. (Exception:
f(27, 22) = 4/11 int-exception, f(49, 22) = 19/44 int-exception, f(93, 22) = 36/77 int-
exception, f(115, 22) = 47/99 int-exception, f(137, 22) = 337/704 int-exception.)
Case 7: m = 22k + 7 with k ≥ 1. Then f(22k + 7, 22) = 22k−7
44k
.
Case 9: m = 22k+9 with k ≥ 2. Then f(22k+9, 22) = 22k−9
44k
. (Exception: f(31, 22) = 1/3
fc-exception.)
Case 13: m = 22k + 13 with k ≥ 1. Then f(22k + 13, 22) = 22k+13
44k+44
.
Case 15: m = 22k+15 with k ≥ 2. Then f(22k+15, 22) = 22k+15
44k+44
. (Exception: f(37, 22) =
9/22 int-exception.)
Case 17: m = 22k + 17 with k ≥ 1. Then f(22k + 17, 22) = 22k+5
44k+22
.
Case 19: m = 22k + 19 with k ≥ 1. Then f(22k + 19, 22) = 22k+3
44k+22
.
Case 21: m = 22k + 21 with k ≥ 1. Then f(22k + 21, 22) = 22k+1
44k+22
.
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——————–
Conjecture F.17 If m = 23k + i where 0 ≤ i ≤ 22 then f(m, 23) depends only on k, i via
a formula, given below, with 24 exceptions (we will note the exceptions).
Case 0: m = 23k + 0 with k ≥ 1. Then f(23k, 23) = 1.
Case 1: m = 23k + 1 with k ≥ 1. Then f(23k + 1, 23) = 23k+1
46k+23
.
Case 2: m = 23k + 2 with k ≥ 1. Then f(23k + 2, 23) = 23k+2
46k+23
.
Case 3: m = 23k+3 with k ≥ 2. Then f(23k+3, 23) = 23k+3
46k+23
. (Exception: f(26, 23) = 8/23
int-exception.)
Case 4: m = 23k + 4 with k ≥ 2. Then f(23k + 4, 23) = 23k+4
46k+23
. (Exception: f(27, 23) =
31/92 int-exception.)
Case 5: m = 23k + 5 with k ≥ 5. Then f(23k + 5, 23) = 23k+5
46k+23
. (Exception: f(28, 23) =
33/92 int-exception, f(51, 23) = 79/184 int-exception, f(74, 23) = 21/46 int-exception,
f(97, 23) = 43/92 int-exception.)
Case 6: m = 23k + 6 with k ≥ 2. Then f(23k + 6, 23) = 23k−6
46k
. (Exception: f(29, 23) =
41/115 int-exception.)
Case 7: m = 23k + 7 with k ≥ 1. Then f(23k + 7, 23) = 23k−7
46k
.
Case 8: m = 23k+8 with k ≥ 2. Then f(23k+8, 23) = 23k−8
46k
. (Exception: f(31, 23) = 1/3
fc-exception.)
Case 9: m = 23k+9 with k ≥ 2. Then f(23k+9, 23) = 23k−9
46k
. (Exception: f(32, 23) = 1/3
fc-exception.)
Case 10: m = 23k+10 with k ≥ 2. Then f(23k+10, 23) = 23k−10
46k
. (Exception: f(33, 23) =
1/3 fc-exception.)
Case 11: m = 23k+11 with k ≥ 2. Then f(23k+11, 23) = 23k−11
46k
. (Exception: f(34, 23) =
1/3 fc-exception.)
Case 12: m = 23k + 12 with k ≥ 1. Then f(23k + 12, 23) = 23k+12
46k+46
.
Case 13: m = 23k + 13 with k ≥ 1. Then f(23k + 13, 23) = 23k+13
46k+46
.
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Case 14: m = 23k + 14 with k ≥ 1. Then f(23k + 14, 23) = 23k+14
46k+46
.
Case 15: m = 23k+15 with k ≥ 2. Then f(23k+15, 23) = 23k+15
46k+46
. (Exception: f(38, 23) =
47/115 int-exception.)
Case 16: m = 23k+16 with k ≥ 3. Then f(23k+16, 23) = 23k+16
46k+46
. (Exception: f(39, 23) =
37/92 int-exception, f(62, 23) = 113/253 int-exception.)
Case 17: m = 23k + 17 with k ≥ 1, k 6= 1, 2, 3, 4, 6, 7, 8, 9, 10, 12. Then f(23k + 17, 23) =
23k+17
46k+46
. (Exception: f(40, 23) = 19/46 int-exception, f(63, 23) = 103/230 int-exception,
f(86, 23) = 149/322 int-exception, f(109, 23) = 65/138 int-exception, f(155, 23) = 265/552
int-exception, f(178, 23) = 311/644 int-exception, f(201, 23) = 357/736 int-exception, f(224, 23) =
403/828 int-exception, f(247, 23) = 449/920 int-exception, f(293, 23) = 800/1633 int-exception.)
Case 18: m = 23k + 18 with k ≥ 1. Then f(23k + 18, 23) = 23k+5
46k+23
.
Case 19: m = 23k + 19 with k ≥ 1. Then f(23k + 19, 23) = 23k+4
46k+23
.
Case 20: m = 23k + 20 with k ≥ 1. Then f(23k + 20, 23) = 23k+3
46k+23
.
Case 21: m = 23k + 21 with k ≥ 1. Then f(23k + 21, 23) = 23k+2
46k+23
.
Case 22: m = 23k + 22 with k ≥ 1. Then f(23k + 22, 23) = 23k+1
46k+23
.
——————–
Conjecture F.18 If m = 24k + i where 0 ≤ i ≤ 23 then f(m, 24) depends only on k, i via
a formula, given below, with 6 exceptions (we will note the exceptions).
Case 0: m = 24k + 0 with k ≥ 1. Then f(24k, 24) = 1.
Case 1: m = 24k + 1 with k ≥ 1. Then f(24k + 1, 24) = 24k+1
48k+24
.
Case 5: m = 24k + 5 with k ≥ 3. Then f(24k + 5, 24) = 24k+5
48k+24
. (Exception: f(29, 24) =
17/48 int-exception, f(53, 24) = 31/72 int-exception.)
Case 7: m = 24k + 7 with k ≥ 1. Then f(24k + 7, 24) = 24k−7
48k
.
Case 11: m = 24k+11 with k ≥ 2. Then f(24k+11, 24) = 24k−11
48k
. (Exception: f(35, 24) =
1/3 fc-exception.)
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Case 13: m = 24k + 13 with k ≥ 1. Then f(24k + 13, 24) = 24k+13
48k+48
.
Case 17: m = 24k+17 with k ≥ 4. Then f(24k+17, 24) = 24k+17
48k+48
. (Exception: f(41, 24) =
29/72 int-exception, f(65, 24) = 43/96 int-exception, f(89, 24) = 63/136 int-exception.)
Case 19: m = 24k + 19 with k ≥ 1. Then f(24k + 19, 24) = 24k+5
48k+24
.
Case 23: m = 24k + 23 with k ≥ 1. Then f(24k + 23, 24) = 24k+1
48k+24
.
——————–
Conjecture F.19 If m = 25k + i where 0 ≤ i ≤ 24 then f(m, 25) depends only on k, i via
a formula, given below, with 21 exceptions (we will note the exceptions).
Case 0: m = 25k + 0 with k ≥ 1. Then f(25k, 25) = 1.
Case 1: m = 25k + 1 with k ≥ 1. Then f(25k + 1, 25) = 25k+1
50k+25
.
Case 2: m = 25k + 2 with k ≥ 1. Then f(25k + 2, 25) = 25k+2
50k+25
.
Case 3: m = 25k + 3 with k ≥ 1. Then f(25k + 3, 25) = 25k+3
50k+25
.
Case 4: m = 25k + 4 with k ≥ 2. Then f(25k + 4, 25) = 25k+4
50k+25
. (Exception: f(29, 25) =
17/50 int-exception.)
Case 6: m = 25k + 6 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12. Then f(25k + 6, 25) =
25k−18
50k−25
. (Exception: f(31, 25) = 26/75 int-exception, f(56, 25) = 87/200 int-exception,
f(81, 25) = 137/300 int-exception, f(106, 25) = 187/400 int-exception, f(131, 25) = 237/500
int-exception, f(181, 25) = 313/650 int-exception, f(206, 25) = 121/250 int-exception, f(231, 25) =
413/850 int-exception, f(256, 25) = 463/950 int-exception, f(281, 25) = 171/350 int-exception,
f(306, 25) = 563/1150 int-exception.)
Case 7: m = 25k + 7 with k ≥ 1. Then f(25k + 7, 25) = 25k−7
50k
.
Case 8: m = 25k + 8 with k ≥ 1. Then f(25k + 8, 25) = 25k−8
50k
.
Case 9: m = 25k+9 with k ≥ 2. Then f(25k+9, 25) = 25k−9
50k
. (Exception: f(34, 25) = 1/3
fc-exception.)
Case 11: m = 25k+11 with k ≥ 2. Then f(25k+11, 25) = 25k−11
50k
. (Exception: f(36, 25) =
1/3 fc-exception.)
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Case 12: m = 25k+12 with k ≥ 2. Then f(25k+12, 25) = 25k−12
50k
. (Exception: f(37, 25) =
1/3 fc-exception.)
Case 13: m = 25k + 13 with k ≥ 1. Then f(25k + 13, 25) = 25k+13
50k+50
.
Case 14: m = 25k + 14 with k ≥ 1. Then f(25k + 14, 25) = 25k+14
50k+50
.
Case 16: m = 25k + 16 with k ≥ 1. Then f(25k + 16, 25) = 25k+16
50k+50
.
Case 17: m = 25k+17 with k ≥ 2. Then f(25k+17, 25) = 25k+17
50k+50
. (Exception: f(42, 25) =
41/100 int-exception.)
Case 18: m = 25k+18 with k ≥ 5. Then f(25k+18, 25) = 25k+18
50k+50
. (Exception: f(43, 25) =
61/150 int-exception, f(68, 25) = 89/200 int-exception, f(93, 25) = 139/300 int-exception,
f(118, 25) = 271/575 int-exception.)
Case 19: m = 25k+19 with k ≥ 2. Then f(25k+19, 25) = 25k+6
50k+25
. (Exception: f(44, 25) =
41/100 int-exception.)
Case 21: m = 25k + 21 with k ≥ 1. Then f(25k + 21, 25) = 25k+4
50k+25
.
Case 22: m = 25k + 22 with k ≥ 1. Then f(25k + 22, 25) = 25k+3
50k+25
.
Case 23: m = 25k + 23 with k ≥ 1. Then f(25k + 23, 25) = 25k+2
50k+25
.
Case 24: m = 25k + 24 with k ≥ 1. Then f(25k + 24, 25) = 25k+1
50k+25
.
——————–
Conjecture F.20 If m = 26k + i where 0 ≤ i ≤ 25 then f(m, 26) depends only on k, i via
a formula, given below, with 11 exceptions (we will note the exceptions).
Case 0: m = 26k + 0 with k ≥ 1. Then f(26k, 26) = 1.
Case 1: m = 26k + 1 with k ≥ 1. Then f(26k + 1, 26) = 26k+1
52k+26
.
Case 3: m = 26k + 3 with k ≥ 1. Then f(26k + 3, 26) = 26k+3
52k+26
.
Case 5: m = 26k+5 with k ≥ 3. Then f(26k+5, 26) = 26k+5
52k+26
. (Exception: f(31, 26) = 9/26
int-exception, f(57, 26) = 181/416 int-exception.)
Case 7: m = 26k + 7 with k ≥ 2. Then f(26k + 7, 26) = 26k−7
52k
. (Exception: f(33, 26) =
47/130 int-exception.)
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Case 9: m = 26k+9 with k ≥ 2. Then f(26k+9, 26) = 26k−9
52k
. (Exception: f(35, 26) = 1/3
fc-exception.)
Case 11: m = 26k+11 with k ≥ 2. Then f(26k+11, 26) = 26k−11
52k
. (Exception: f(37, 26) =
1/3 fc-exception.)
Case 15: m = 26k + 15 with k ≥ 1. Then f(26k + 15, 26) = 26k+15
52k+52
.
Case 17: m = 26k+17 with k ≥ 2. Then f(26k+17, 26) = 26k+17
52k+52
. (Exception: f(43, 26) =
53/130 int-exception.)
Case 19: m = 26k+19 with k ≥ 1, k 6= 1, 2, 4, 5, 7. Then f(26k+19, 26) = 26k+19
52k+52
. (Excep-
tion: f(45, 26) = 16/39 int-exception, f(71, 26) = 29/65 int-exception, f(123, 26) = 49/104
int-exception, f(149, 26) = 31/65 int-exception, f(201, 26) = 515/1066 int-exception.)
Case 21: m = 26k + 21 with k ≥ 1. Then f(26k + 21, 26) = 26k+5
52k+26
.
Case 23: m = 26k + 23 with k ≥ 1. Then f(26k + 23, 26) = 26k+3
52k+26
.
Case 25: m = 26k + 25 with k ≥ 1. Then f(26k + 25, 26) = 26k+1
52k+26
.
——————–
Conjecture F.21 If m = 27k + i where 0 ≤ i ≤ 26 then f(m, 27) depends only on k, i via
a formula, given below, with 19 exceptions (we will note the exceptions).
Case 0: m = 27k + 0 with k ≥ 1. Then f(27k, 27) = 1.
Case 1: m = 27k + 1 with k ≥ 1. Then f(27k + 1, 27) = 27k+1
54k+27
.
Case 2: m = 27k + 2 with k ≥ 1. Then f(27k + 2, 27) = 27k+2
54k+27
.
Case 4: m = 27k + 4 with k ≥ 2. Then f(27k + 4, 27) = 27k+4
54k+27
. (Exception: f(31, 27) =
19/54 int-exception.)
Case 5: m = 27k + 5 with k ≥ 3. Then f(27k + 5, 27) = 27k+5
54k+27
. (Exception: f(32, 27) =
37/108 int-exception, f(59, 27) = 31/72 int-exception.)
Case 7: m = 27k+7 with k ≥ 3. Then f(27k+7, 27) = 27k−7
54k
. (Exception: f(34, 27) = 16/45
int-exception, f(61, 27) = 43/99 int-exception.)
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Case 8: m = 27k + 8 with k ≥ 1. Then f(27k + 8, 27) = 27k−8
54k
.
Case 10: m = 27k+10 with k ≥ 2. Then f(27k+10, 27) = 27k−10
54k
. (Exception: f(37, 27) =
1/3 fc-exception.)
Case 11: m = 27k+11 with k ≥ 2. Then f(27k+11, 27) = 27k−11
54k
. (Exception: f(38, 27) =
1/3 fc-exception.)
Case 13: m = 27k+13 with k ≥ 2. Then f(27k+13, 27) = 27k−13
54k
. (Exception: f(40, 27) =
1/3 fc-exception.)
Case 14: m = 27k + 14 with k ≥ 1. Then f(27k + 14, 27) = 27k+14
54k+54
.
Case 16: m = 27k + 16 with k ≥ 1. Then f(27k + 16, 27) = 27k+16
54k+54
.
Case 17: m = 27k + 17 with k ≥ 1. Then f(27k + 17, 27) = 27k+17
54k+54
.
Case 19: m = 27k+19 with k ≥ 3. Then f(27k+19, 27) = 27k+19
54k+54
. (Exception: f(46, 27) =
65/162 int-exception, f(73, 27) = 101/225 int-exception.)
Case 20: m = 27k + 20 with k ≥ 1, k 6= 1, 2, 4, 5, 7, 8, 9, 10, 11. Then f(27k + 20, 27) =
27k−6
54k
. (Exception: f(47, 27) = 89/216 int-exception, f(74, 27) = 121/270 int-exception,
f(128, 27) = 229/486 int-exception, f(155, 27) = 283/594 int-exception, f(209, 27) = 365/756
int-exception, f(236, 27) = 419/864 int-exception, f(263, 27) = 473/972 int-exception, f(290, 27) =
527/1080 int-exception, f(317, 27) = 581/1188 int-exception.)
Case 22: m = 27k + 22 with k ≥ 1. Then f(27k + 22, 27) = 27k+5
54k+27
.
Case 23: m = 27k + 23 with k ≥ 1. Then f(27k + 23, 27) = 27k+4
54k+27
.
Case 25: m = 27k + 25 with k ≥ 1. Then f(27k + 25, 27) = 27k+2
54k+27
.
Case 26: m = 27k + 26 with k ≥ 1. Then f(27k + 26, 27) = 27k+1
54k+27
.
——————–
Conjecture F.22 If m = 28k + i where 0 ≤ i ≤ 27 then f(m, 28) depends only on k, i via
a formula, given below, with 6 exceptions (we will note the exceptions).
Case 0: m = 28k + 0 with k ≥ 1. Then f(28k, 28) = 1.
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Case 1: m = 28k + 1 with k ≥ 1. Then f(28k + 1, 28) = 28k+1
56k+28
.
Case 3: m = 28k + 3 with k ≥ 2. Then f(28k + 3, 28) = 28k+3
56k+28
. (Exception: f(31, 28) =
19/56 int-exception.)
Case 5: m = 28k + 5 with k ≥ 3. Then f(28k + 5, 28) = 28k+5
56k+28
. (Exception: f(33, 28) =
19/56 int-exception, f(61, 28) = 97/224 int-exception.)
Case 9: m = 28k + 9 with k ≥ 1. Then f(28k + 9, 28) = 28k−9
56k
.
Case 11: m = 28k+11 with k ≥ 2. Then f(28k+11, 28) = 28k−11
56k
. (Exception: f(39, 28) =
1/3 fc-exception.)
Case 13: m = 28k+13 with k ≥ 2. Then f(28k+13, 28) = 28k−13
56k
. (Exception: f(41, 28) =
1/3 fc-exception.)
Case 15: m = 28k + 15 with k ≥ 1. Then f(28k + 15, 28) = 28k+15
56k+56
.
Case 17: m = 28k + 17 with k ≥ 1. Then f(28k + 17, 28) = 28k+17
56k+56
.
Case 19: m = 28k+19 with k ≥ 2. Then f(28k+19, 28) = 28k+19
56k+56
. (Exception: f(47, 28) =
23/56 int-exception.)
Case 23: m = 28k + 23 with k ≥ 1. Then f(28k + 23, 28) = 28k+5
56k+28
.
Case 25: m = 28k + 25 with k ≥ 1. Then f(28k + 25, 28) = 28k+3
56k+28
.
Case 27: m = 28k + 27 with k ≥ 1. Then f(28k + 27, 28) = 28k+1
56k+28
.
——————–
Conjecture F.23 If m = 29k + i where 0 ≤ i ≤ 28 then f(m, 29) depends only on k, i via
a formula, given below, with 28 exceptions (we will note the exceptions).
Case 0: m = 29k + 0 with k ≥ 1. Then f(29k, 29) = 1.
Case 1: m = 29k + 1 with k ≥ 1. Then f(29k + 1, 29) = 29k+1
58k+29
.
Case 2: m = 29k + 2 with k ≥ 1. Then f(29k + 2, 29) = 29k+2
58k+29
.
Case 3: m = 29k + 3 with k ≥ 2. Then f(29k + 3, 29) = 29k+3
58k+29
. (Exception: f(32, 29) =
10/29 int-exception.)
102
Case 4: m = 29k + 4 with k ≥ 2. Then f(29k + 4, 29) = 29k+4
58k+29
. (Exception: f(33, 29) =
41/116 int-exception.)
Case 5: m = 29k + 5 with k ≥ 2. Then f(29k + 5, 29) = 29k+5
58k+29
. (Exception: f(34, 29) =
39/116 int-exception.)
Case 6: m = 29k + 6 with k ≥ 4. Then f(29k + 6, 29) = 29k+6
58k+29
. (Exception: f(35, 29) =
41/116 int-exception, f(64, 29) = 25/58 int-exception, f(93, 29) = 185/406 int-exception.)
Case 7: m = 29k + 7 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 6, 8, 9, 10. Then f(29k + 7, 29) = 29k+21
58k+58
.
(Exception: f(36, 29) = 10/29 int-exception, f(65, 29) = 101/232 int-exception, f(94, 29) =
53/116 int-exception, f(123, 29) = 217/464 int-exception, f(152, 29) = 55/116 int-exception,
f(181, 29) = 111/232 int-exception, f(239, 29) = 421/870 int-exception, f(268, 29) = 479/986
int-exception, f(297, 29) = 537/1102 int-exception.)
Case 8: m = 29k + 8 with k ≥ 1. Then f(29k + 8, 29) = 29k−8
58k
.
Case 9: m = 29k + 9 with k ≥ 1. Then f(29k + 9, 29) = 29k−9
58k
.
Case 10: m = 29k+10 with k ≥ 2. Then f(29k+10, 29) = 29k−10
58k
. (Exception: f(39, 29) =
1/3 fc-exception.)
Case 11: m = 29k+11 with k ≥ 2. Then f(29k+11, 29) = 29k−11
58k
. (Exception: f(40, 29) =
1/3 fc-exception.)
Case 12: m = 29k+12 with k ≥ 2. Then f(29k+12, 29) = 29k−12
58k
. (Exception: f(41, 29) =
1/3 fc-exception.)
Case 13: m = 29k+13 with k ≥ 2. Then f(29k+13, 29) = 29k−13
58k
. (Exception: f(42, 29) =
1/3 fc-exception.)
Case 14: m = 29k+14 with k ≥ 2. Then f(29k+14, 29) = 29k−14
58k
. (Exception: f(43, 29) =
1/3 fc-exception.)
Case 15: m = 29k + 15 with k ≥ 1. Then f(29k + 15, 29) = 29k+15
58k+58
.
Case 16: m = 29k + 16 with k ≥ 1. Then f(29k + 16, 29) = 29k+16
58k+58
.
Case 17: m = 29k + 17 with k ≥ 1. Then f(29k + 17, 29) = 29k+17
58k+58
.
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Case 18: m = 29k + 18 with k ≥ 1. Then f(29k + 18, 29) = 29k+18
58k+58
.
Case 19: m = 29k+19 with k ≥ 2. Then f(29k+19, 29) = 29k+19
58k+58
. (Exception: f(48, 29) =
59/145 int-exception.)
Case 20: m = 29k+20 with k ≥ 2. Then f(29k+20, 29) = 29k+20
58k+58
. (Exception: f(49, 29) =
47/116 int-exception.)
Case 21: m = 29k+21 with k ≥ 6. Then f(29k+21, 29) = 29k+21
58k+58
. (Exception: f(50, 29) =
71/174 int-exception, f(79, 29) = 129/290 int-exception, f(108, 29) = 161/348 int-exception,
f(137, 29) = 219/464 int-exception, f(166, 29) = 401/841 int-exception.)
Case 22: m = 29k+22 with k ≥ 2. Then f(29k+22, 29) = 29k+7
58k+29
. (Exception: f(51, 29) =
95/232 int-exception.)
Case 23: m = 29k + 23 with k ≥ 1. Then f(29k + 23, 29) = 29k+6
58k+29
.
Case 24: m = 29k + 24 with k ≥ 1. Then f(29k + 24, 29) = 29k+5
58k+29
.
Case 25: m = 29k + 25 with k ≥ 1. Then f(29k + 25, 29) = 29k+4
58k+29
.
Case 26: m = 29k + 26 with k ≥ 1. Then f(29k + 26, 29) = 29k+3
58k+29
.
Case 27: m = 29k + 27 with k ≥ 1. Then f(29k + 27, 29) = 29k+2
58k+29
.
Case 28: m = 29k + 28 with k ≥ 1. Then f(29k + 28, 29) = 29k+1
58k+29
.
——————–
Conjecture F.24 If m = 30k + i where 0 ≤ i ≤ 29 then f(m, 30) depends only on k, i via
a formula, given below, with 9 exceptions (we will note the exceptions).
Case 0: m = 30k + 0 with k ≥ 1. Then f(30k, 30) = 1.
Case 1: m = 30k + 1 with k ≥ 1. Then f(30k + 1, 30) = 30k+1
60k+30
.
Case 7: m = 30k + 7 with k ≥ 1, k 6= 1, 2, 3, 4, 8, 9, 10. Then f(30k + 7, 30) = 30k−22
60k−30
.
(Exception: f(37, 30) = 16/45 int-exception, f(67, 30) = 13/30 int-exception, f(97, 30) =
41/90 int-exception, f(127, 30) = 127/270 fc-exception, f(247, 30) = 213/440 int-exception,
f(277, 30) = 277/570 fc-exception, f(307, 30) = 307/630 fc-exception.)
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Case 11: m = 30k+11 with k ≥ 2. Then f(30k+11, 30) = 30k−11
60k
. (Exception: f(41, 30) =
1/3 fc-exception.)
Case 13: m = 30k+13 with k ≥ 2. Then f(30k+13, 30) = 30k−13
60k
. (Exception: f(43, 30) =
1/3 fc-exception.)
Case 17: m = 30k + 17 with k ≥ 1. Then f(30k + 17, 30) = 30k+17
60k+60
.
Case 19: m = 30k + 19 with k ≥ 1. Then f(30k + 19, 30) = 30k+19
60k+60
.
Case 23: m = 30k + 23 with k ≥ 1. Then f(30k + 23, 30) = 30k+7
60k+30
.
Case 29: m = 30k + 29 with k ≥ 1. Then f(30k + 29, 30) = 30k+1
60k+30
.
——————–
Conjecture F.25 If m = 31k + i where 0 ≤ i ≤ 30 then f(m, 31) depends only on k, i via
a formula, given below, with 30 exceptions (we will note the exceptions).
Case 0: m = 31k + 0 with k ≥ 1. Then f(31k, 31) = 1.
Case 1: m = 31k + 1 with k ≥ 1. Then f(31k + 1, 31) = 31k+1
62k+31
.
Case 2: m = 31k + 2 with k ≥ 1. Then f(31k + 2, 31) = 31k+2
62k+31
.
Case 3: m = 31k + 3 with k ≥ 2. Then f(31k + 3, 31) = 31k+3
62k+31
. (Exception: f(34, 31) =
11/31 int-exception.)
Case 4: m = 31k + 4 with k ≥ 2. Then f(31k + 4, 31) = 31k+4
62k+31
. (Exception: f(35, 31) =
43/124 int-exception.)
Case 5: m = 31k + 5 with k ≥ 2. Then f(31k + 5, 31) = 31k+5
62k+31
. (Exception: f(36, 31) =
21/62 int-exception.)
Case 6: m = 31k + 6 with k ≥ 3. Then f(31k + 6, 31) = 31k+6
62k+31
. (Exception: f(37, 31) =
43/124 int-exception, f(68, 31) = 27/62 int-exception.)
Case 7: m = 31k + 7 with k ≥ 7. Then f(31k + 7, 31) = 31k+7
62k+31
. (Exception: f(38, 31) =
45/124 int-exception, f(69, 31) = 107/248 int-exception, f(100, 31) = 141/310 int-exception,
f(131, 31) = 29/62 int-exception, f(162, 31) = 368/775 int-exception, f(193, 31) = 475/992
int-exception.)
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Case 8: m = 31k+8 with k ≥ 3. Then f(31k+8, 31) = 31k−8
62k
. (Exception: f(39, 31) = 11/31
int-exception, f(70, 31) = 148/341 int-exception.)
Case 9: m = 31k + 9 with k ≥ 1. Then f(31k + 9, 31) = 31k−9
62k
.
Case 10: m = 31k + 10 with k ≥ 1. Then f(31k + 10, 31) = 31k−10
62k
.
Case 11: m = 31k+11 with k ≥ 2. Then f(31k+11, 31) = 31k−11
62k
. (Exception: f(42, 31) =
1/3 fc-exception.)
Case 12: m = 31k+12 with k ≥ 2. Then f(31k+12, 31) = 31k−12
62k
. (Exception: f(43, 31) =
1/3 fc-exception.)
Case 13: m = 31k+13 with k ≥ 2. Then f(31k+13, 31) = 31k−13
62k
. (Exception: f(44, 31) =
1/3 fc-exception.)
Case 14: m = 31k+14 with k ≥ 2. Then f(31k+14, 31) = 31k−14
62k
. (Exception: f(45, 31) =
1/3 fc-exception.)
Case 15: m = 31k+15 with k ≥ 2. Then f(31k+15, 31) = 31k−15
62k
. (Exception: f(46, 31) =
1/3 fc-exception.)
Case 16: m = 31k + 16 with k ≥ 1. Then f(31k + 16, 31) = 31k+16
62k+62
.
Case 17: m = 31k + 17 with k ≥ 1. Then f(31k + 17, 31) = 31k+17
62k+62
.
Case 18: m = 31k + 18 with k ≥ 1. Then f(31k + 18, 31) = 31k+18
62k+62
.
Case 19: m = 31k + 19 with k ≥ 1. Then f(31k + 19, 31) = 31k+19
62k+62
.
Case 20: m = 31k + 20 with k ≥ 1. Then f(31k + 20, 31) = 31k+20
62k+62
.
Case 21: m = 31k+21 with k ≥ 2. Then f(31k+21, 31) = 31k+21
62k+62
. (Exception: f(52, 31) =
51/124 int-exception.)
Case 22: m = 31k+22 with k ≥ 4. Then f(31k+22, 31) = 31k+22
62k+62
. (Exception: f(53, 31) =
25/62 int-exception, f(84, 31) = 111/248 int-exception, f(115, 31) = 244/527 int-exception.)
Case 23: m = 31k + 23 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 6, 8, 9. Then f(31k + 23, 31) =
31k−22
62k−31
. (Exception: f(54, 31) = 51/124 int-exception, f(85, 31) = 139/310 int-exception,
f(116, 31) = 201/434 int-exception, f(147, 31) = 263/558 int-exception, f(178, 31) = 325/682
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int-exception, f(209, 31) = 387/806 int-exception, f(271, 31) = 481/992 int-exception, f(302, 31) =
181/372 int-exception.)
Case 24: m = 31k + 24 with k ≥ 1. Then f(31k + 24, 31) = 31k+7
62k+31
.
Case 25: m = 31k + 25 with k ≥ 1. Then f(31k + 25, 31) = 31k+6
62k+31
.
Case 26: m = 31k + 26 with k ≥ 1. Then f(31k + 26, 31) = 31k+5
62k+31
.
Case 27: m = 31k + 27 with k ≥ 1. Then f(31k + 27, 31) = 31k+4
62k+31
.
Case 28: m = 31k + 28 with k ≥ 1. Then f(31k + 28, 31) = 31k+3
62k+31
.
Case 29: m = 31k + 29 with k ≥ 1. Then f(31k + 29, 31) = 31k+2
62k+31
.
Case 30: m = 31k + 30 with k ≥ 1. Then f(31k + 30, 31) = 31k+1
62k+31
.
——————–
Conjecture F.26 If m = 32k + i where 0 ≤ i ≤ 31 then f(m, 32) depends only on k, i via
a formula, given below, with 13 exceptions (we will note the exceptions).
Case 0: m = 32k + 0 with k ≥ 1. Then f(32k, 32) = 1.
Case 1: m = 32k + 1 with k ≥ 1. Then f(32k + 1, 32) = 32k+1
64k+32
.
Case 3: m = 32k + 3 with k ≥ 2. Then f(32k + 3, 32) = 32k+3
64k+32
. (Exception: f(35, 32) =
23/64 int-exception.)
Case 5: m = 32k + 5 with k ≥ 2. Then f(32k + 5, 32) = 32k+5
64k+32
. (Exception: f(37, 32) =
11/32 int-exception.)
Case 7: m = 32k + 7 with k ≥ 4. Then f(32k + 7, 32) = 32k+7
64k+32
. (Exception: f(39, 32) =
23/64 int-exception, f(71, 32) = 55/128 int-exception, f(103, 32) = 73/160 int-exception.)
Case 9: m = 32k + 9 with k ≥ 1. Then f(32k + 9, 32) = 32k−9
64k
.
Case 11: m = 32k+11 with k ≥ 2. Then f(32k+11, 32) = 32k−11
64k
. (Exception: f(43, 32) =
1/3 fc-exception.)
Case 13: m = 32k+13 with k ≥ 2. Then f(32k+13, 32) = 32k−13
64k
. (Exception: f(45, 32) =
1/3 fc-exception.)
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Case 15: m = 32k+15 with k ≥ 2. Then f(32k+15, 32) = 32k−15
64k
. (Exception: f(47, 32) =
1/3 fc-exception.)
Case 17: m = 32k + 17 with k ≥ 1. Then f(32k + 17, 32) = 32k+17
64k+64
.
Case 19: m = 32k + 19 with k ≥ 1. Then f(32k + 19, 32) = 32k+19
64k+64
.
Case 21: m = 32k+21 with k ≥ 2. Then f(32k+21, 32) = 32k+21
64k+64
. (Exception: f(53, 32) =
13/32 int-exception.)
Case 23: m = 32k+23 with k ≥ 5. Then f(32k+23, 32) = 32k+23
64k+64
. (Exception: f(55, 32) =
13/32 int-exception, f(87, 32) = 57/128 int-exception, f(119, 32) = 89/192 int-exception,
f(151, 32) = 347/736 int-exception.)
Case 25: m = 32k + 25 with k ≥ 1. Then f(32k + 25, 32) = 32k+7
64k+32
.
Case 27: m = 32k + 27 with k ≥ 1. Then f(32k + 27, 32) = 32k+5
64k+32
.
Case 29: m = 32k + 29 with k ≥ 1. Then f(32k + 29, 32) = 32k+3
64k+32
.
Case 31: m = 32k + 31 with k ≥ 1. Then f(32k + 31, 32) = 32k+1
64k+32
.
——————–
Conjecture F.27 If m = 33k + i where 0 ≤ i ≤ 32 then f(m, 33) depends only on k, i via
a formula, given below, with 19 exceptions (we will note the exceptions).
Case 0: m = 33k + 0 with k ≥ 1. Then f(33k, 33) = 1.
Case 1: m = 33k + 1 with k ≥ 1. Then f(33k + 1, 33) = 33k+1
66k+33
.
Case 2: m = 33k + 2 with k ≥ 1. Then f(33k + 2, 33) = 33k+2
66k+33
.
Case 4: m = 33k + 4 with k ≥ 1. Then f(33k + 4, 33) = 33k+4
66k+33
.
Case 5: m = 33k + 5 with k ≥ 2. Then f(33k + 5, 33) = 33k+5
66k+33
. (Exception: f(38, 33) =
23/66 int-exception.)
Case 7: m = 33k + 7 with k ≥ 4. Then f(33k + 7, 33) = 33k+7
66k+33
. (Exception: f(40, 33) =
47/132 int-exception, f(73, 33) = 85/198 int-exception, f(106, 33) = 151/330 int-exception.)
Case 8: m = 33k + 8 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 6, 7, 9. Then f(33k + 8, 33) = 33k−24
66k−33
.
(Exception: f(41, 33) = 34/99 int-exception, f(74, 33) = 115/264 int-exception, f(107, 33) =
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181/396 int-exception, f(140, 33) = 247/528 int-exception, f(173, 33) = 313/660 int-exception,
f(206, 33) = 379/792 int-exception, f(239, 33) = 445/924 int-exception, f(305, 33) = 545/1122
int-exception.)
Case 10: m = 33k + 10 with k ≥ 1. Then f(33k + 10, 33) = 33k−10
66k
.
Case 13: m = 33k+13 with k ≥ 2. Then f(33k+13, 33) = 33k−13
66k
. (Exception: f(46, 33) =
1/3 fc-exception.)
Case 14: m = 33k+14 with k ≥ 2. Then f(33k+14, 33) = 33k−14
66k
. (Exception: f(47, 33) =
1/3 fc-exception.)
Case 16: m = 33k+16 with k ≥ 2. Then f(33k+16, 33) = 33k−16
66k
. (Exception: f(49, 33) =
1/3 fc-exception.)
Case 17: m = 33k + 17 with k ≥ 1. Then f(33k + 17, 33) = 33k+17
66k+66
.
Case 19: m = 33k + 19 with k ≥ 1. Then f(33k + 19, 33) = 33k+19
66k+66
.
Case 20: m = 33k + 20 with k ≥ 1. Then f(33k + 20, 33) = 33k+20
66k+66
.
Case 23: m = 33k+23 with k ≥ 3. Then f(33k+23, 33) = 33k+23
66k+66
. (Exception: f(56, 33) =
53/132 int-exception, f(89, 33) = 54/121 int-exception.)
Case 25: m = 33k+25 with k ≥ 3. Then f(33k+25, 33) = 33k+8
66k+33
. (Exception: f(58, 33) =
9/22 int-exception, f(91, 33) = 69/154 int-exception.)
Case 26: m = 33k + 26 with k ≥ 1. Then f(33k + 26, 33) = 33k+7
66k+33
.
Case 28: m = 33k + 28 with k ≥ 1. Then f(33k + 28, 33) = 33k+5
66k+33
.
Case 29: m = 33k + 29 with k ≥ 1. Then f(33k + 29, 33) = 33k+4
66k+33
.
Case 31: m = 33k + 31 with k ≥ 1. Then f(33k + 31, 33) = 33k+2
66k+33
.
Case 32: m = 33k + 32 with k ≥ 1. Then f(33k + 32, 33) = 33k+1
66k+33
.
——————–
Conjecture F.28 If m = 34k + i where 0 ≤ i ≤ 33 then f(m, 34) depends only on k, i via
a formula, given below, with 13 exceptions (we will note the exceptions).
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Case 0: m = 34k + 0 with k ≥ 1. Then f(34k, 34) = 1.
Case 1: m = 34k + 1 with k ≥ 1. Then f(34k + 1, 34) = 34k+1
68k+34
.
Case 3: m = 34k + 3 with k ≥ 1. Then f(34k + 3, 34) = 34k+3
68k+34
.
Case 5: m = 34k+5 with k ≥ 2. Then f(34k+5, 34) = 34k+5
68k+34
. (Exception: f(39, 34) = 6/17
int-exception.)
Case 7: m = 34k+7 with k ≥ 4. Then f(34k+7, 34) = 34k+7
68k+34
. (Exception: f(41, 34) = 6/17
int-exception, f(75, 34) = 22/51 int-exception, f(109, 34) = 31/68 int-exception.)
Case 9: m = 34k + 9 with k ≥ 2. Then f(34k + 9, 34) = 34k−9
68k
. (Exception: f(43, 34) =
61/170 int-exception.)
Case 11: m = 34k + 11 with k ≥ 1. Then f(34k + 11, 34) = 34k−11
68k
.
Case 13: m = 34k+13 with k ≥ 2. Then f(34k+13, 34) = 34k−13
68k
. (Exception: f(47, 34) =
1/3 fc-exception.)
Case 15: m = 34k+15 with k ≥ 2. Then f(34k+15, 34) = 34k−15
68k
. (Exception: f(49, 34) =
1/3 fc-exception.)
Case 19: m = 34k + 19 with k ≥ 1. Then f(34k + 19, 34) = 34k+19
68k+68
.
Case 21: m = 34k + 21 with k ≥ 1. Then f(34k + 21, 34) = 34k+21
68k+68
.
Case 23: m = 34k+23 with k ≥ 2. Then f(34k+23, 34) = 34k+23
68k+68
. (Exception: f(57, 34) =
7/17 int-exception.)
Case 25: m = 34k + 25 with k ≥ 1, k 6= 1, 2, 3, 4, 9. Then f(34k + 25, 34) = 34k−8
68k
. (Excep-
tion: f(59, 34) = 7/17 int-exception, f(93, 34) = 38/85 int-exception, f(127, 34) = 55/119
int-exception, f(161, 34) = 161/340 fc-exception, f(331, 34) = 877/1802 int-exception.)
Case 27: m = 34k + 27 with k ≥ 1. Then f(34k + 27, 34) = 34k+7
68k+34
.
Case 29: m = 34k + 29 with k ≥ 1. Then f(34k + 29, 34) = 34k+5
68k+34
.
Case 31: m = 34k + 31 with k ≥ 1. Then f(34k + 31, 34) = 34k+3
68k+34
.
Case 33: m = 34k + 33 with k ≥ 1. Then f(34k + 33, 34) = 34k+1
68k+34
.
——————–
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Conjecture F.29 If m = 35k + i where 0 ≤ i ≤ 34 then f(m, 35) depends only on k, i via
a formula, given below, with 21 exceptions (we will note the exceptions).
Case 0: m = 35k + 0 with k ≥ 1. Then f(35k, 35) = 1.
Case 1: m = 35k + 1 with k ≥ 1. Then f(35k + 1, 35) = 35k+1
70k+35
.
Case 2: m = 35k + 2 with k ≥ 1. Then f(35k + 2, 35) = 35k+2
70k+35
.
Case 3: m = 35k + 3 with k ≥ 1. Then f(35k + 3, 35) = 35k+3
70k+35
.
Case 4: m = 35k + 4 with k ≥ 1. Then f(35k + 4, 35) = 35k+4
70k+35
.
Case 6: m = 35k + 6 with k ≥ 2. Then f(35k + 6, 35) = 35k+6
70k+35
. (Exception: f(41, 35) =
47/140 int-exception.)
Case 8: m = 35k + 8 with k ≥ 7. Then f(35k + 8, 35) = 35k+8
70k+35
. (Exception: f(43, 35) =
38/105 int-exception, f(78, 35) = 121/280 int-exception, f(113, 35) = 191/420 int-exception,
f(148, 35) = 229/490 int-exception, f(183, 35) = 299/630 int-exception, f(218, 35) = 67/140
int-exception.)
Case 9: m = 35k + 9 with k ≥ 3. Then f(35k + 9, 35) = 35k−9
70k
. (Exception: f(44, 35) =
62/175 int-exception, f(79, 35) = 167/385 int-exception.)
Case 11: m = 35k + 11 with k ≥ 1. Then f(35k + 11, 35) = 35k−11
70k
.
Case 12: m = 35k+12 with k ≥ 2. Then f(35k+12, 35) = 35k−12
70k
. (Exception: f(47, 35) =
1/3 fc-exception.)
Case 13: m = 35k+13 with k ≥ 2. Then f(35k+13, 35) = 35k−13
70k
. (Exception: f(48, 35) =
1/3 fc-exception.)
Case 16: m = 35k+16 with k ≥ 2. Then f(35k+16, 35) = 35k−16
70k
. (Exception: f(51, 35) =
1/3 fc-exception.)
Case 17: m = 35k+17 with k ≥ 2. Then f(35k+17, 35) = 35k−17
70k
. (Exception: f(52, 35) =
1/3 fc-exception.)
Case 18: m = 35k + 18 with k ≥ 1. Then f(35k + 18, 35) = 35k+18
70k+70
.
Case 19: m = 35k + 19 with k ≥ 1. Then f(35k + 19, 35) = 35k+19
70k+70
.
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Case 22: m = 35k + 22 with k ≥ 1. Then f(35k + 22, 35) = 35k+22
70k+70
.
Case 23: m = 35k+23 with k ≥ 2. Then f(35k+23, 35) = 35k+23
70k+70
. (Exception: f(58, 35) =
71/175 int-exception.)
Case 24: m = 35k+24 with k ≥ 2. Then f(35k+24, 35) = 35k+24
70k+70
. (Exception: f(59, 35) =
57/140 int-exception.)
Case 26: m = 35k + 26 with k ≥ 1, k 6= 1, 2, 3, 5, 6, 7. Then f(35k + 26, 35) = 35k−8
70k
. (Ex-
ception: f(61, 35) = 23/56 int-exception, f(96, 35) = 157/350 int-exception, f(131, 35) =
227/490 int-exception, f(201, 35) = 367/770 int-exception, f(236, 35) = 437/910 int-exception,
f(271, 35) = 169/350 int-exception.)
Case 27: m = 35k + 27 with k ≥ 1. Then f(35k + 27, 35) = 35k+8
70k+35
.
Case 29: m = 35k + 29 with k ≥ 1. Then f(35k + 29, 35) = 35k+6
70k+35
.
Case 31: m = 35k + 31 with k ≥ 1. Then f(35k + 31, 35) = 35k+4
70k+35
.
Case 32: m = 35k + 32 with k ≥ 1. Then f(35k + 32, 35) = 35k+3
70k+35
.
Case 33: m = 35k + 33 with k ≥ 1. Then f(35k + 33, 35) = 35k+2
70k+35
.
Case 34: m = 35k + 34 with k ≥ 1. Then f(35k + 34, 35) = 35k+1
70k+35
.
——————–
Conjecture F.30 If m = 36k + i where 0 ≤ i ≤ 35 then f(m, 36) depends only on k, i via
a formula, given below, with 7 exceptions (we will note the exceptions).
Case 0: m = 36k + 0 with k ≥ 1. Then f(36k, 36) = 1.
Case 1: m = 36k + 1 with k ≥ 1. Then f(36k + 1, 36) = 36k+1
72k+36
.
Case 5: m = 36k + 5 with k ≥ 2. Then f(36k + 5, 36) = 36k+5
72k+36
. (Exception: f(41, 36) =
17/48 int-exception.)
Case 7: m = 36k + 7 with k ≥ 3. Then f(36k + 7, 36) = 36k+7
72k+36
. (Exception: f(43, 36) =
25/72 int-exception, f(79, 36) = 47/108 int-exception.)
Case 11: m = 36k + 11 with k ≥ 1. Then f(36k + 11, 36) = 36k−11
72k
.
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Case 13: m = 36k+13 with k ≥ 2. Then f(36k+13, 36) = 36k−13
72k
. (Exception: f(49, 36) =
1/3 fc-exception.)
Case 17: m = 36k+17 with k ≥ 2. Then f(36k+17, 36) = 36k−17
72k
. (Exception: f(53, 36) =
1/3 fc-exception.)
Case 19: m = 36k + 19 with k ≥ 1. Then f(36k + 19, 36) = 36k+19
72k+72
.
Case 23: m = 36k + 23 with k ≥ 1. Then f(36k + 23, 36) = 36k+23
72k+72
.
Case 25: m = 36k+25 with k ≥ 3. Then f(36k+25, 36) = 36k+25
72k+72
. (Exception: f(61, 36) =
29/72 int-exception, f(97, 36) = 59/132 int-exception.)
Case 29: m = 36k + 29 with k ≥ 1. Then f(36k + 29, 36) = 36k+7
72k+36
.
Case 31: m = 36k + 31 with k ≥ 1. Then f(36k + 31, 36) = 36k+5
72k+36
.
Case 35: m = 36k + 35 with k ≥ 1. Then f(36k + 35, 36) = 36k+1
72k+36
.
——————–
Conjecture F.31 If m = 37k + i where 0 ≤ i ≤ 36 then f(m, 37) depends only on k, i via
a formula, given below, with 36 exceptions (we will note the exceptions).
Case 0: m = 37k + 0 with k ≥ 1. Then f(37k, 37) = 1.
Case 1: m = 37k + 1 with k ≥ 1. Then f(37k + 1, 37) = 37k+1
74k+37
.
Case 2: m = 37k + 2 with k ≥ 1. Then f(37k + 2, 37) = 37k+2
74k+37
.
Case 3: m = 37k + 3 with k ≥ 1. Then f(37k + 3, 37) = 37k+3
74k+37
.
Case 4: m = 37k + 4 with k ≥ 2. Then f(37k + 4, 37) = 37k+4
74k+37
. (Exception: f(41, 37) =
25/74 int-exception.)
Case 5: m = 37k + 5 with k ≥ 2. Then f(37k + 5, 37) = 37k+5
74k+37
. (Exception: f(42, 37) =
13/37 int-exception.)
Case 6: m = 37k + 6 with k ≥ 2. Then f(37k + 6, 37) = 37k+6
74k+37
. (Exception: f(43, 37) =
25/74 int-exception.)
Case 7: m = 37k + 7 with k ≥ 3. Then f(37k + 7, 37) = 37k+7
74k+37
. (Exception: f(44, 37) =
51/148 int-exception, f(81, 37) = 257/592 int-exception.)
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Case 8: m = 37k + 8 with k ≥ 5. Then f(37k + 8, 37) = 37k+8
74k+37
. (Exception: f(45, 37) =
53/148 int-exception, f(82, 37) = 127/296 int-exception, f(119, 37) = 169/370 int-exception,
f(156, 37) = 173/370 int-exception.)
Case 9: m = 37k + 9 with k ≥ 9. Then f(37k + 9, 37) = 37k−27
74k−37
. (Exception: f(46, 37) =
38/111 int-exception, f(83, 37) = 129/296 int-exception, f(120, 37) = 203/444 int-exception,
f(157, 37) = 277/592 int-exception, f(194, 37) = 351/740 int-exception, f(231, 37) = 425/888
int-exception, f(268, 37) = 499/1036 int-exception, f(305, 37) = 573/1184 int-exception.)
Case 10: m = 37k+10 with k ≥ 2. Then f(37k+10, 37) = 37k−10
74k
. (Exception: f(47, 37) =
67/185 int-exception.)
Case 11: m = 37k + 11 with k ≥ 1. Then f(37k + 11, 37) = 37k−11
74k
.
Case 12: m = 37k + 12 with k ≥ 1. Then f(37k + 12, 37) = 37k−12
74k
.
Case 13: m = 37k+13 with k ≥ 2. Then f(37k+13, 37) = 37k−13
74k
. (Exception: f(50, 37) =
1/3 fc-exception.)
Case 14: m = 37k+14 with k ≥ 2. Then f(37k+14, 37) = 37k−14
74k
. (Exception: f(51, 37) =
1/3 fc-exception.)
Case 15: m = 37k+15 with k ≥ 2. Then f(37k+15, 37) = 37k−15
74k
. (Exception: f(52, 37) =
1/3 fc-exception.)
Case 16: m = 37k+16 with k ≥ 2. Then f(37k+16, 37) = 37k−16
74k
. (Exception: f(53, 37) =
1/3 fc-exception.)
Case 17: m = 37k+17 with k ≥ 2. Then f(37k+17, 37) = 37k−17
74k
. (Exception: f(54, 37) =
1/3 fc-exception.)
Case 18: m = 37k+18 with k ≥ 2. Then f(37k+18, 37) = 37k−18
74k
. (Exception: f(55, 37) =
1/3 fc-exception.)
Case 19: m = 37k + 19 with k ≥ 1. Then f(37k + 19, 37) = 37k+19
74k+74
.
Case 20: m = 37k + 20 with k ≥ 1. Then f(37k + 20, 37) = 37k+20
74k+74
.
Case 21: m = 37k + 21 with k ≥ 1. Then f(37k + 21, 37) = 37k+21
74k+74
.
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Case 22: m = 37k + 22 with k ≥ 1. Then f(37k + 22, 37) = 37k+22
74k+74
.
Case 23: m = 37k + 23 with k ≥ 1. Then f(37k + 23, 37) = 37k+23
74k+74
.
Case 24: m = 37k+24 with k ≥ 2. Then f(37k+24, 37) = 37k+24
74k+74
. (Exception: f(61, 37) =
76/185 int-exception.)
Case 25: m = 37k+25 with k ≥ 2. Then f(37k+25, 37) = 37k+25
74k+74
. (Exception: f(62, 37) =
137/333 int-exception.)
Case 26: m = 37k+26 with k ≥ 3. Then f(37k+26, 37) = 37k+26
74k+74
. (Exception: f(63, 37) =
89/222 int-exception, f(100, 37) = 83/185 int-exception.)
Case 27: m = 37k+27 with k ≥ 7. Then f(37k+27, 37) = 37k+27
74k+74
. (Exception: f(64, 37) =
91/222 int-exception, f(101, 37) = 33/74 int-exception, f(138, 37) = 205/444 int-exception,
f(175, 37) = 279/592 int-exception, f(212, 37) = 353/740 int-exception, f(249, 37) = 622/1295
int-exception.)
Case 28: m = 37k+28 with k ≥ 3. Then f(37k+28, 37) = 37k+9
74k+37
. (Exception: f(65, 37) =
121/296 int-exception, f(102, 37) = 116/259 int-exception.)
Case 29: m = 37k + 29 with k ≥ 1. Then f(37k + 29, 37) = 37k+8
74k+37
.
Case 30: m = 37k + 30 with k ≥ 1. Then f(37k + 30, 37) = 37k+7
74k+37
.
Case 31: m = 37k + 31 with k ≥ 1. Then f(37k + 31, 37) = 37k+6
74k+37
.
Case 32: m = 37k + 32 with k ≥ 1. Then f(37k + 32, 37) = 37k+5
74k+37
.
Case 33: m = 37k + 33 with k ≥ 1. Then f(37k + 33, 37) = 37k+4
74k+37
.
Case 34: m = 37k + 34 with k ≥ 1. Then f(37k + 34, 37) = 37k+3
74k+37
.
Case 35: m = 37k + 35 with k ≥ 1. Then f(37k + 35, 37) = 37k+2
74k+37
.
Case 36: m = 37k + 36 with k ≥ 1. Then f(37k + 36, 37) = 37k+1
74k+37
.
——————–
Conjecture F.32 If m = 38k + i where 0 ≤ i ≤ 37 then f(m, 38) depends only on k, i via
a formula, given below, with 16 exceptions (we will note the exceptions).
115
Case 0: m = 38k + 0 with k ≥ 1. Then f(38k, 38) = 1.
Case 1: m = 38k + 1 with k ≥ 1. Then f(38k + 1, 38) = 38k+1
76k+38
.
Case 3: m = 38k + 3 with k ≥ 1. Then f(38k + 3, 38) = 38k+3
76k+38
.
Case 5: m = 38k + 5 with k ≥ 2. Then f(38k + 5, 38) = 38k+5
76k+38
. (Exception: f(43, 38) =
53/152 int-exception.)
Case 7: m = 38k + 7 with k ≥ 3. Then f(38k + 7, 38) = 38k+7
76k+38
. (Exception: f(45, 38) =
13/38 int-exception, f(83, 38) = 131/304 int-exception.)
Case 9: m = 38k + 9 with k ≥ 6. Then f(38k + 9, 38) = 38k−28
76k−38
. (Exception: f(47, 38) =
20/57 int-exception, f(85, 38) = 33/76 int-exception, f(123, 38) = 26/57 int-exception,
f(161, 38) = 71/152 int-exception, f(199, 38) = 199/418 fc-exception.)
Case 11: m = 38k + 11 with k ≥ 1. Then f(38k + 11, 38) = 38k−11
76k
.
Case 13: m = 38k+13 with k ≥ 2. Then f(38k+13, 38) = 38k−13
76k
. (Exception: f(51, 38) =
1/3 fc-exception.)
Case 15: m = 38k+15 with k ≥ 2. Then f(38k+15, 38) = 38k−15
76k
. (Exception: f(53, 38) =
1/3 fc-exception.)
Case 17: m = 38k+17 with k ≥ 2. Then f(38k+17, 38) = 38k−17
76k
. (Exception: f(55, 38) =
1/3 fc-exception.)
Case 21: m = 38k + 21 with k ≥ 1. Then f(38k + 21, 38) = 38k+21
76k+76
.
Case 23: m = 38k + 23 with k ≥ 1. Then f(38k + 23, 38) = 38k+23
76k+76
.
Case 25: m = 38k+25 with k ≥ 2. Then f(38k+25, 38) = 38k+25
76k+76
. (Exception: f(63, 38) =
77/190 int-exception.)
Case 27: m = 38k+27 with k ≥ 4. Then f(38k+27, 38) = 38k+27
76k+76
. (Exception: f(65, 38) =
23/57 int-exception, f(103, 38) = 17/38 int-exception, f(141, 38) = 299/646 int-exception.)
Case 29: m = 38k+29 with k ≥ 2. Then f(38k+29, 38) = 38k+9
76k+38
. (Exception: f(67, 38) =
125/304 int-exception.)
Case 31: m = 38k + 31 with k ≥ 1. Then f(38k + 31, 38) = 38k+7
76k+38
.
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Case 33: m = 38k + 33 with k ≥ 1. Then f(38k + 33, 38) = 38k+5
76k+38
.
Case 35: m = 38k + 35 with k ≥ 1. Then f(38k + 35, 38) = 38k+3
76k+38
.
Case 37: m = 38k + 37 with k ≥ 1. Then f(38k + 37, 38) = 38k+1
76k+38
.
——————–
Conjecture F.33 If m = 39k + i where 0 ≤ i ≤ 38 then f(m, 39) depends only on k, i via
a formula, given below, with 26 exceptions (we will note the exceptions).
Case 0: m = 39k + 0 with k ≥ 1. Then f(39k, 39) = 1.
Case 1: m = 39k + 1 with k ≥ 1. Then f(39k + 1, 39) = 39k+1
78k+39
.
Case 2: m = 39k + 2 with k ≥ 1. Then f(39k + 2, 39) = 39k+2
78k+39
.
Case 4: m = 39k+4 with k ≥ 2. Then f(39k+4, 39) = 39k+4
78k+39
. (Exception: f(43, 39) = 9/26
int-exception.)
Case 5: m = 39k+5 with k ≥ 2. Then f(39k+5, 39) = 39k+5
78k+39
. (Exception: f(44, 39) = 9/26
int-exception.)
Case 7: m = 39k + 7 with k ≥ 3. Then f(39k + 7, 39) = 39k+7
78k+39
. (Exception: f(46, 39) =
53/156 int-exception, f(85, 39) = 45/104 int-exception.)
Case 8: m = 39k + 8 with k ≥ 4. Then f(39k + 8, 39) = 39k+8
78k+39
. (Exception: f(47, 39) =
55/156 int-exception, f(86, 39) = 101/234 int-exception, f(125, 39) = 83/182 int-exception.)
Case 10: m = 39k+10 with k ≥ 4. Then f(39k+10, 39) = 39k−10
78k
. (Exception: f(49, 39) =
23/65 int-exception, f(88, 39) = 62/143 int-exception, f(127, 39) = 101/221 int-exception.)
Case 11: m = 39k + 11 with k ≥ 1. Then f(39k + 11, 39) = 39k−11
78k
.
Case 14: m = 39k+14 with k ≥ 2. Then f(39k+14, 39) = 39k−14
78k
. (Exception: f(53, 39) =
1/3 fc-exception.)
Case 16: m = 39k+16 with k ≥ 2. Then f(39k+16, 39) = 39k−16
78k
. (Exception: f(55, 39) =
1/3 fc-exception.)
Case 17: m = 39k+17 with k ≥ 2. Then f(39k+17, 39) = 39k−17
78k
. (Exception: f(56, 39) =
1/3 fc-exception.)
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Case 19: m = 39k+19 with k ≥ 2. Then f(39k+19, 39) = 39k−19
78k
. (Exception: f(58, 39) =
1/3 fc-exception.)
Case 20: m = 39k + 20 with k ≥ 1. Then f(39k + 20, 39) = 39k+20
78k+78
.
Case 22: m = 39k + 22 with k ≥ 1. Then f(39k + 22, 39) = 39k+22
78k+78
.
Case 23: m = 39k + 23 with k ≥ 1. Then f(39k + 23, 39) = 39k+23
78k+78
.
Case 25: m = 39k + 25 with k ≥ 1. Then f(39k + 25, 39) = 39k+25
78k+78
.
Case 28: m = 39k + 28 with k ≥ 5. Then f(39k + 28, 39) = 39k+28
78k+78
. (Exception:
f(67, 39) = 95/234 int-exception, f(106, 39) = 139/312 int-exception, f(145, 39) = 217/468
int-exception, f(184, 39) = 141/299 int-exception.)
Case 29: m = 39k+29 with k ≥ 9. Then f(39k+29, 39) = 39k−28
78k−39
. (Exception: f(68, 39) =
16/39 int-exception, f(107, 39) = 35/78 int-exception, f(146, 39) = 253/546 int-exception,
f(185, 39) = 331/702 int-exception, f(224, 39) = 409/858 int-exception, f(263, 39) = 487/1014
int-exception, f(302, 39) = 113/234 int-exception, f(341, 39) = 643/1326 int-exception.)
Case 31: m = 39k + 31 with k ≥ 1. Then f(39k + 31, 39) = 39k+8
78k+39
.
Case 32: m = 39k + 32 with k ≥ 1. Then f(39k + 32, 39) = 39k+7
78k+39
.
Case 34: m = 39k + 34 with k ≥ 1. Then f(39k + 34, 39) = 39k+5
78k+39
.
Case 35: m = 39k + 35 with k ≥ 1. Then f(39k + 35, 39) = 39k+4
78k+39
.
Case 37: m = 39k + 37 with k ≥ 1. Then f(39k + 37, 39) = 39k+2
78k+39
.
Case 38: m = 39k + 38 with k ≥ 1. Then f(39k + 38, 39) = 39k+1
78k+39
.
——————–
Conjecture F.34 If m = 40k + i where 0 ≤ i ≤ 39 then f(m, 40) depends only on k, i via
a formula, given below, with 14 exceptions (we will note the exceptions).
Case 0: m = 40k + 0 with k ≥ 1. Then f(40k, 40) = 1.
Case 1: m = 40k + 1 with k ≥ 1. Then f(40k + 1, 40) = 40k+1
80k+40
.
Case 3: m = 40k + 3 with k ≥ 1. Then f(40k + 3, 40) = 40k+3
80k+40
.
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Case 7: m = 40k + 7 with k ≥ 3. Then f(40k + 7, 40) = 40k+7
80k+40
. (Exception: f(47, 40) =
27/80 int-exception, f(87, 40) = 139/320 int-exception.)
Case 9: m = 40k + 9 with k ≥ 5. Then f(40k + 9, 40) = 40k+9
80k+40
. (Exception: f(49, 40) =
29/80 int-exception, f(89, 40) = 69/160 int-exception, f(129, 40) = 91/200 int-exception,
f(169, 40) = 131/280 int-exception.)
Case 11: m = 40k + 11 with k ≥ 1. Then f(40k + 11, 40) = 40k−11
80k
.
Case 13: m = 40k + 13 with k ≥ 1. Then f(40k + 13, 40) = 40k−13
80k
.
Case 17: m = 40k+17 with k ≥ 2. Then f(40k+17, 40) = 40k−17
80k
. (Exception: f(57, 40) =
1/3 fc-exception.)
Case 19: m = 40k+19 with k ≥ 2. Then f(40k+19, 40) = 40k−19
80k
. (Exception: f(59, 40) =
1/3 fc-exception.)
Case 21: m = 40k + 21 with k ≥ 1. Then f(40k + 21, 40) = 40k+21
80k+80
.
Case 23: m = 40k + 23 with k ≥ 1. Then f(40k + 23, 40) = 40k+23
80k+80
.
Case 27: m = 40k+27 with k ≥ 2. Then f(40k+27, 40) = 40k+27
80k+80
. (Exception: f(67, 40) =
37/90 int-exception.)
Case 29: m = 40k+29 with k ≥ 6. Then f(40k+29, 40) = 40k+29
80k+80
. (Exception: f(69, 40) =
49/120 int-exception, f(109, 40) = 89/200 int-exception, f(149, 40) = 37/80 int-exception,
f(189, 40) = 151/320 int-exception, f(229, 40) = 553/1160 int-exception.)
Case 31: m = 40k + 31 with k ≥ 1. Then f(40k + 31, 40) = 40k+9
80k+40
.
Case 33: m = 40k + 33 with k ≥ 1. Then f(40k + 33, 40) = 40k+7
80k+40
.
Case 37: m = 40k + 37 with k ≥ 1. Then f(40k + 37, 40) = 40k+3
80k+40
.
Case 39: m = 40k + 39 with k ≥ 1. Then f(40k + 39, 40) = 40k+1
80k+40
.
——————–
Conjecture F.35 If m = 41k + i where 0 ≤ i ≤ 40 then f(m, 41) depends only on k, i via
a formula, given below, with 39 exceptions (we will note the exceptions).
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Case 0: m = 41k + 0 with k ≥ 1. Then f(41k, 41) = 1.
Case 1: m = 41k + 1 with k ≥ 1. Then f(41k + 1, 41) = 41k+1
82k+41
.
Case 2: m = 41k + 2 with k ≥ 1. Then f(41k + 2, 41) = 41k+2
82k+41
.
Case 3: m = 41k + 3 with k ≥ 1. Then f(41k + 3, 41) = 41k+3
82k+41
.
Case 4: m = 41k + 4 with k ≥ 2. Then f(41k + 4, 41) = 41k+4
82k+41
. (Exception: f(45, 41) =
29/82 int-exception.)
Case 5: m = 41k + 5 with k ≥ 1. Then f(41k + 5, 41) = 41k+5
82k+41
.
Case 6: m = 41k + 6 with k ≥ 2. Then f(41k + 6, 41) = 41k+6
82k+41
. (Exception: f(47, 41) =
29/82 int-exception.)
Case 7: m = 41k + 7 with k ≥ 2. Then f(41k + 7, 41) = 41k+7
82k+41
. (Exception: f(48, 41) =
55/164 int-exception.)
Case 8: m = 41k + 8 with k ≥ 3. Then f(41k + 8, 41) = 41k+8
82k+41
. (Exception: f(49, 41) =
57/164 int-exception, f(90, 41) = 107/246 int-exception.)
Case 9: m = 41k + 9 with k ≥ 5. Then f(41k + 9, 41) = 41k+9
82k+41
. (Exception: f(50, 41) =
59/164 int-exception, f(91, 41) = 141/328 int-exception, f(132, 41) = 187/410 int-exception,
f(173, 41) = 1229/2624 int-exception.)
Case 10: m = 41k+10 with k ≥ 10. Then f(41k+10, 41) = 41k−30
82k−41
. (Exception: f(51, 41) =
14/41 int-exception, f(92, 41) = 268/615 int-exception, f(133, 41) = 75/164 int-exception,
f(174, 41) = 307/656 int-exception, f(215, 41) = 389/820 int-exception, f(256, 41) = 157/328
int-exception, f(297, 41) = 79/164 int-exception, f(338, 41) = 635/1312 int-exception, f(379, 41) =
239/492 int-exception.)
Case 11: m = 41k+11 with k ≥ 2. Then f(41k+11, 41) = 41k−11
82k
. (Exception: f(52, 41) =
74/205 int-exception.)
Case 12: m = 41k + 12 with k ≥ 1. Then f(41k + 12, 41) = 41k−12
82k
.
Case 13: m = 41k + 13 with k ≥ 1. Then f(41k + 13, 41) = 41k−13
82k
.
Case 14: m = 41k+14 with k ≥ 2. Then f(41k+14, 41) = 41k−14
82k
. (Exception: f(55, 41) =
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1/3 fc-exception.)
Case 15: m = 41k+15 with k ≥ 2. Then f(41k+15, 41) = 41k−15
82k
. (Exception: f(56, 41) =
1/3 fc-exception.)
Case 16: m = 41k+16 with k ≥ 2. Then f(41k+16, 41) = 41k−16
82k
. (Exception: f(57, 41) =
1/3 fc-exception.)
Case 17: m = 41k+17 with k ≥ 2. Then f(41k+17, 41) = 41k−17
82k
. (Exception: f(58, 41) =
1/3 fc-exception.)
Case 18: m = 41k+18 with k ≥ 2. Then f(41k+18, 41) = 41k−18
82k
. (Exception: f(59, 41) =
1/3 fc-exception.)
Case 19: m = 41k+19 with k ≥ 2. Then f(41k+19, 41) = 41k−19
82k
. (Exception: f(60, 41) =
1/3 fc-exception.)
Case 20: m = 41k+20 with k ≥ 2. Then f(41k+20, 41) = 41k−20
82k
. (Exception: f(61, 41) =
1/3 fc-exception.)
Case 21: m = 41k + 21 with k ≥ 1. Then f(41k + 21, 41) = 41k+21
82k+82
.
Case 22: m = 41k + 22 with k ≥ 1. Then f(41k + 22, 41) = 41k+22
82k+82
.
Case 23: m = 41k + 23 with k ≥ 1. Then f(41k + 23, 41) = 41k+23
82k+82
.
Case 24: m = 41k + 24 with k ≥ 1. Then f(41k + 24, 41) = 41k+24
82k+82
.
Case 25: m = 41k + 25 with k ≥ 1. Then f(41k + 25, 41) = 41k+25
82k+82
.
Case 26: m = 41k + 26 with k ≥ 1. Then f(41k + 26, 41) = 41k+26
82k+82
.
Case 27: m = 41k+27 with k ≥ 2. Then f(41k+27, 41) = 41k+27
82k+82
. (Exception: f(68, 41) =
83/205 int-exception.)
Case 28: m = 41k+28 with k ≥ 2. Then f(41k+28, 41) = 41k+28
82k+82
. (Exception: f(69, 41) =
67/164 int-exception.)
Case 29: m = 41k+29 with k ≥ 3. Then f(41k+29, 41) = 41k+29
82k+82
. (Exception: f(70, 41) =
33/82 int-exception, f(111, 41) = 147/328 int-exception.)
Case 30: m = 41k + 30 with k ≥ 8. Then f(41k + 30, 41) = 41k+30
82k+82
. (Exception:
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f(71, 41) = 101/246 int-exception, f(112, 41) = 183/410 int-exception, f(153, 41) = 265/574
int-exception, f(194, 41) = 309/656 int-exception, f(235, 41) = 391/820 int-exception, f(276, 41) =
473/984 int-exception, f(317, 41) = 812/1681 int-exception.)
Case 31: m = 41k+31 with k ≥ 3. Then f(41k+31, 41) = 41k+10
82k+41
. (Exception: f(72, 41) =
67/164 int-exception, f(113, 41) = 257/574 int-exception.)
Case 32: m = 41k + 32 with k ≥ 1. Then f(41k + 32, 41) = 41k+9
82k+41
.
Case 33: m = 41k + 33 with k ≥ 1. Then f(41k + 33, 41) = 41k+8
82k+41
.
Case 34: m = 41k + 34 with k ≥ 1. Then f(41k + 34, 41) = 41k+7
82k+41
.
Case 35: m = 41k + 35 with k ≥ 1. Then f(41k + 35, 41) = 41k+6
82k+41
.
Case 36: m = 41k + 36 with k ≥ 1. Then f(41k + 36, 41) = 41k+5
82k+41
.
Case 37: m = 41k + 37 with k ≥ 1. Then f(41k + 37, 41) = 41k+4
82k+41
.
Case 38: m = 41k + 38 with k ≥ 1. Then f(41k + 38, 41) = 41k+3
82k+41
.
Case 39: m = 41k + 39 with k ≥ 1. Then f(41k + 39, 41) = 41k+2
82k+41
.
Case 40: m = 41k + 40 with k ≥ 1. Then f(41k + 40, 41) = 41k+1
82k+41
.
——————–
Conjecture F.36 If m = 42k + i where 0 ≤ i ≤ 41 then f(m, 42) depends only on k, i via
a formula, given below, with 10 exceptions (we will note the exceptions).
Case 0: m = 42k + 0 with k ≥ 1. Then f(42k, 42) = 1.
Case 1: m = 42k + 1 with k ≥ 1. Then f(42k + 1, 42) = 42k+1
84k+42
.
Case 5: m = 42k + 5 with k ≥ 1. Then f(42k + 5, 42) = 42k+5
84k+42
.
Case 11: m = 42k+11 with k ≥ 2. Then f(42k+11, 42) = 42k−11
84k
. (Exception: f(53, 42) =
5/14 int-exception.)
Case 13: m = 42k + 13 with k ≥ 1. Then f(42k + 13, 42) = 42k−13
84k
.
Case 17: m = 42k+17 with k ≥ 2. Then f(42k+17, 42) = 42k−17
84k
. (Exception: f(59, 42) =
1/3 fc-exception.)
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Case 19: m = 42k+19 with k ≥ 2. Then f(42k+19, 42) = 42k−19
84k
. (Exception: f(61, 42) =
1/3 fc-exception.)
Case 23: m = 42k + 23 with k ≥ 1. Then f(42k + 23, 42) = 42k+23
84k+84
.
Case 25: m = 42k + 25 with k ≥ 1. Then f(42k + 25, 42) = 42k+25
84k+84
.
Case 29: m = 42k+29 with k ≥ 3. Then f(42k+29, 42) = 42k+29
84k+84
. (Exception: f(71, 42) =
17/42 int-exception, f(113, 42) = 69/154 int-exception.)
Case 31: m = 42k+31 with k ≥ 6. Then f(42k+31, 42) = 42k−10
84k
. (Exception: f(73, 42) =
26/63 int-exception, f(115, 42) = 47/105 int-exception, f(157, 42) = 68/147 int-exception,
f(199, 42) = 89/189 int-exception, f(241, 42) = 241/504 fc-exception.)
Case 37: m = 42k + 37 with k ≥ 1. Then f(42k + 37, 42) = 42k+5
84k+42
.
Case 41: m = 42k + 41 with k ≥ 1. Then f(42k + 41, 42) = 42k+1
84k+42
.
——————–
Conjecture F.37 If m = 43k + i where 0 ≤ i ≤ 42 then f(m, 43) depends only on k, i via
a formula, given below, with 42 exceptions (we will note the exceptions).
Case 0: m = 43k + 0 with k ≥ 1. Then f(43k, 43) = 1.
Case 1: m = 43k + 1 with k ≥ 1. Then f(43k + 1, 43) = 43k+1
86k+43
.
Case 2: m = 43k + 2 with k ≥ 1. Then f(43k + 2, 43) = 43k+2
86k+43
.
Case 3: m = 43k + 3 with k ≥ 1. Then f(43k + 3, 43) = 43k+3
86k+43
.
Case 4: m = 43k + 4 with k ≥ 2. Then f(43k + 4, 43) = 43k+4
86k+43
. (Exception: f(47, 43) =
31/86 int-exception.)
Case 5: m = 43k + 5 with k ≥ 1. Then f(43k + 5, 43) = 43k+5
86k+43
.
Case 6: m = 43k + 6 with k ≥ 2. Then f(43k + 6, 43) = 43k+6
86k+43
. (Exception: f(49, 43) =
61/172 int-exception.)
Case 7: m = 43k + 7 with k ≥ 2. Then f(43k + 7, 43) = 43k+7
86k+43
. (Exception: f(50, 43) =
29/86 int-exception.)
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Case 8: m = 43k + 8 with k ≥ 3. Then f(43k + 8, 43) = 43k+8
86k+43
. (Exception: f(51, 43) =
59/172 int-exception, f(94, 43) = 37/86 int-exception.)
Case 9: m = 43k + 9 with k ≥ 4. Then f(43k + 9, 43) = 43k+9
86k+43
. (Exception: f(52, 43) =
61/172 int-exception, f(95, 43) = 37/86 int-exception, f(138, 43) = 59/129 int-exception.)
Case 10: m = 43k+10 with k ≥ 9. Then f(43k+10, 43) = 43k+10
86k+43
. (Exception: f(53, 43) =
46/129 int-exception, f(96, 43) = 149/344 int-exception, f(139, 43) = 235/516 int-exception,
f(182, 43) = 281/602 int-exception, f(225, 43) = 367/774 int-exception, f(268, 43) = 453/946
int-exception, f(311, 43) = 4063/8428 int-exception, f(354, 43) = 229/473 int-exception.)
Case 11: m = 43k + 11 with k ≥ 4. Then f(43k + 11, 43) = 43k−11
86k
. (Exception:
f(54, 43) = 76/215 int-exception, f(97, 43) = 205/473 int-exception, f(140, 43) = 334/731
int-exception.)
Case 12: m = 43k + 12 with k ≥ 1. Then f(43k + 12, 43) = 43k−12
86k
.
Case 13: m = 43k + 13 with k ≥ 1. Then f(43k + 13, 43) = 43k−13
86k
.
Case 14: m = 43k + 14 with k ≥ 1. Then f(43k + 14, 43) = 43k−14
86k
.
Case 15: m = 43k+15 with k ≥ 2. Then f(43k+15, 43) = 43k−15
86k
. (Exception: f(58, 43) =
1/3 fc-exception.)
Case 16: m = 43k+16 with k ≥ 2. Then f(43k+16, 43) = 43k−16
86k
. (Exception: f(59, 43) =
1/3 fc-exception.)
Case 17: m = 43k+17 with k ≥ 2. Then f(43k+17, 43) = 43k−17
86k
. (Exception: f(60, 43) =
1/3 fc-exception.)
Case 18: m = 43k+18 with k ≥ 2. Then f(43k+18, 43) = 43k−18
86k
. (Exception: f(61, 43) =
1/3 fc-exception.)
Case 19: m = 43k+19 with k ≥ 2. Then f(43k+19, 43) = 43k−19
86k
. (Exception: f(62, 43) =
1/3 fc-exception.)
Case 20: m = 43k+20 with k ≥ 2. Then f(43k+20, 43) = 43k−20
86k
. (Exception: f(63, 43) =
1/3 fc-exception.)
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Case 21: m = 43k+21 with k ≥ 2. Then f(43k+21, 43) = 43k−21
86k
. (Exception: f(64, 43) =
1/3 fc-exception.)
Case 22: m = 43k + 22 with k ≥ 1. Then f(43k + 22, 43) = 43k+22
86k+86
.
Case 23: m = 43k + 23 with k ≥ 1. Then f(43k + 23, 43) = 43k+23
86k+86
.
Case 24: m = 43k + 24 with k ≥ 1. Then f(43k + 24, 43) = 43k+24
86k+86
.
Case 25: m = 43k + 25 with k ≥ 1. Then f(43k + 25, 43) = 43k+25
86k+86
.
Case 26: m = 43k + 26 with k ≥ 1. Then f(43k + 26, 43) = 43k+26
86k+86
.
Case 27: m = 43k + 27 with k ≥ 1. Then f(43k + 27, 43) = 43k+27
86k+86
.
Case 28: m = 43k+28 with k ≥ 2. Then f(43k+28, 43) = 43k+28
86k+86
. (Exception: f(71, 43) =
88/215 int-exception.)
Case 29: m = 43k+29 with k ≥ 2. Then f(43k+29, 43) = 43k+29
86k+86
. (Exception: f(72, 43) =
53/129 int-exception.)
Case 30: m = 43k+30 with k ≥ 3. Then f(43k+30, 43) = 43k+30
86k+86
. (Exception: f(73, 43) =
69/172 int-exception, f(116, 43) = 211/473 int-exception.)
Case 31: m = 43k+31 with k ≥ 5. Then f(43k+31, 43) = 43k+31
86k+86
. (Exception: f(74, 43) =
35/86 int-exception, f(117, 43) = 153/344 int-exception, f(160, 43) = 239/516 int-exception,
f(203, 43) = 466/989 int-exception.)
Case 32: m = 43k + 32 with k ≥ 1, k 6= 1, 2, 3, 4, 6, 7, 8, 9. Then f(43k + 32, 43) =
43k−10
86k
. (Exception: f(75, 43) = 141/344 int-exception, f(118, 43) = 193/430 int-exception,
f(161, 43) = 279/602 int-exception, f(204, 43) = 365/774 int-exception, f(290, 43) = 537/1118
int-exception, f(333, 43) = 623/1290 int-exception, f(376, 43) = 709/1462 int-exception,
f(419, 43) = 795/1634 int-exception.)
Case 33: m = 43k + 33 with k ≥ 1. Then f(43k + 33, 43) = 43k+10
86k+43
.
Case 34: m = 43k + 34 with k ≥ 1. Then f(43k + 34, 43) = 43k+9
86k+43
.
Case 35: m = 43k + 35 with k ≥ 1. Then f(43k + 35, 43) = 43k+8
86k+43
.
Case 36: m = 43k + 36 with k ≥ 1. Then f(43k + 36, 43) = 43k+7
86k+43
.
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Case 37: m = 43k + 37 with k ≥ 1. Then f(43k + 37, 43) = 43k+6
86k+43
.
Case 38: m = 43k + 38 with k ≥ 1. Then f(43k + 38, 43) = 43k+5
86k+43
.
Case 39: m = 43k + 39 with k ≥ 1. Then f(43k + 39, 43) = 43k+4
86k+43
.
Case 40: m = 43k + 40 with k ≥ 1. Then f(43k + 40, 43) = 43k+3
86k+43
.
Case 41: m = 43k + 41 with k ≥ 1. Then f(43k + 41, 43) = 43k+2
86k+43
.
Case 42: m = 43k + 42 with k ≥ 1. Then f(43k + 42, 43) = 43k+1
86k+43
.
——————–
Conjecture F.38 If m = 44k + i where 0 ≤ i ≤ 43 then f(m, 44) depends only on k, i via
a formula, given below, with 11 exceptions (we will note the exceptions).
Case 0: m = 44k + 0 with k ≥ 1. Then f(44k, 44) = 1.
Case 1: m = 44k + 1 with k ≥ 1. Then f(44k + 1, 44) = 44k+1
88k+44
.
Case 3: m = 44k + 3 with k ≥ 1. Then f(44k + 3, 44) = 44k+3
88k+44
.
Case 5: m = 44k + 5 with k ≥ 1. Then f(44k + 5, 44) = 44k+5
88k+44
.
Case 7: m = 44k + 7 with k ≥ 2. Then f(44k + 7, 44) = 44k+7
88k+44
. (Exception: f(51, 44) =
15/44 int-exception.)
Case 9: m = 44k + 9 with k ≥ 4. Then f(44k + 9, 44) = 44k+9
88k+44
. (Exception: f(53, 44) =
31/88 int-exception, f(97, 44) = 19/44 int-exception, f(141, 44) = 281/616 int-exception.)
Case 13: m = 44k + 13 with k ≥ 1. Then f(44k + 13, 44) = 44k−13
88k
.
Case 15: m = 44k+15 with k ≥ 2. Then f(44k+15, 44) = 44k−15
88k
. (Exception: f(59, 44) =
1/3 fc-exception.)
Case 17: m = 44k+17 with k ≥ 2. Then f(44k+17, 44) = 44k−17
88k
. (Exception: f(61, 44) =
1/3 fc-exception.)
Case 19: m = 44k+19 with k ≥ 2. Then f(44k+19, 44) = 44k−19
88k
. (Exception: f(63, 44) =
1/3 fc-exception.)
Case 21: m = 44k+21 with k ≥ 2. Then f(44k+21, 44) = 44k−21
88k
. (Exception: f(65, 44) =
1/3 fc-exception.)
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Case 23: m = 44k + 23 with k ≥ 1. Then f(44k + 23, 44) = 44k+23
88k+88
.
Case 25: m = 44k + 25 with k ≥ 1. Then f(44k + 25, 44) = 44k+25
88k+88
.
Case 27: m = 44k + 27 with k ≥ 1. Then f(44k + 27, 44) = 44k+27
88k+88
.
Case 29: m = 44k+29 with k ≥ 2. Then f(44k+29, 44) = 44k+29
88k+88
. (Exception: f(73, 44) =
89/220 int-exception.)
Case 31: m = 44k+31 with k ≥ 3. Then f(44k+31, 44) = 44k+31
88k+88
. (Exception: f(75, 44) =
53/132 int-exception, f(119, 44) = 79/176 int-exception.)
Case 35: m = 44k + 35 with k ≥ 1. Then f(44k + 35, 44) = 44k+9
88k+44
.
Case 37: m = 44k + 37 with k ≥ 1. Then f(44k + 37, 44) = 44k+7
88k+44
.
Case 39: m = 44k + 39 with k ≥ 1. Then f(44k + 39, 44) = 44k+5
88k+44
.
Case 41: m = 44k + 41 with k ≥ 1. Then f(44k + 41, 44) = 44k+3
88k+44
.
Case 43: m = 44k + 43 with k ≥ 1. Then f(44k + 43, 44) = 44k+1
88k+44
.
——————–
Conjecture F.39 If m = 45k + i where 0 ≤ i ≤ 44 then f(m, 45) depends only on k, i via
a formula, given below, with 24 exceptions (we will note the exceptions).
Case 0: m = 45k + 0 with k ≥ 1. Then f(45k, 45) = 1.
Case 1: m = 45k + 1 with k ≥ 1. Then f(45k + 1, 45) = 45k+1
90k+45
.
Case 2: m = 45k + 2 with k ≥ 1. Then f(45k + 2, 45) = 45k+2
90k+45
.
Case 4: m = 45k + 4 with k ≥ 1. Then f(45k + 4, 45) = 45k+4
90k+45
.
Case 7: m = 45k + 7 with k ≥ 2. Then f(45k + 7, 45) = 45k+7
90k+45
. (Exception: f(52, 45) =
31/90 int-exception.)
Case 8: m = 45k + 8 with k ≥ 3. Then f(45k + 8, 45) = 45k+8
90k+45
. (Exception: f(53, 45) =
61/180 int-exception, f(98, 45) = 13/30 int-exception.)
Case 11: m = 45k+11 with k ≥ 11. Then f(45k+11, 45) = 45k−33
90k−45
. (Exception: f(56, 45) =
46/135 int-exception, f(101, 45) = 98/225 int-exception, f(146, 45) = 247/540 int-exception,
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f(191, 45) = 337/720 int-exception, f(236, 45) = 427/900 int-exception, f(281, 45) = 517/1080
int-exception, f(326, 45) = 607/1260 int-exception, f(371, 45) = 697/1440 int-exception,
f(416, 45) = 787/1620 int-exception, f(461, 45) = 877/1800 int-exception.)
Case 13: m = 45k + 13 with k ≥ 1. Then f(45k + 13, 45) = 45k−13
90k
.
Case 14: m = 45k + 14 with k ≥ 1. Then f(45k + 14, 45) = 45k−14
90k
.
Case 16: m = 45k+16 with k ≥ 2. Then f(45k+16, 45) = 45k−16
90k
. (Exception: f(61, 45) =
1/3 fc-exception.)
Case 17: m = 45k+17 with k ≥ 2. Then f(45k+17, 45) = 45k−17
90k
. (Exception: f(62, 45) =
1/3 fc-exception.)
Case 19: m = 45k+19 with k ≥ 2. Then f(45k+19, 45) = 45k−19
90k
. (Exception: f(64, 45) =
1/3 fc-exception.)
Case 22: m = 45k+22 with k ≥ 2. Then f(45k+22, 45) = 45k−22
90k
. (Exception: f(67, 45) =
1/3 fc-exception.)
Case 23: m = 45k + 23 with k ≥ 1. Then f(45k + 23, 45) = 45k+23
90k+90
.
Case 26: m = 45k + 26 with k ≥ 1. Then f(45k + 26, 45) = 45k+26
90k+90
.
Case 28: m = 45k + 28 with k ≥ 1. Then f(45k + 28, 45) = 45k+28
90k+90
.
Case 29: m = 45k + 29 with k ≥ 1. Then f(45k + 29, 45) = 45k+29
90k+90
.
Case 31: m = 45k+31 with k ≥ 2. Then f(45k+31, 45) = 45k+31
90k+90
. (Exception: f(76, 45) =
73/180 int-exception.)
Case 32: m = 45k + 32 with k ≥ 4. Then f(45k + 32, 45) = 45k+32
90k+90
. (Exception:
f(77, 45) = 109/270 int-exception, f(122, 45) = 161/360 int-exception, f(167, 45) = 118/255
int-exception.)
Case 34: m = 45k + 34 with k ≥ 4. Then f(45k + 34, 45) = 45k+11
90k+45
. (Exception:
f(79, 45) = 49/120 int-exception, f(124, 45) = 47/105 int-exception, f(169, 45) = 139/300
int-exception.)
Case 37: m = 45k + 37 with k ≥ 1. Then f(45k + 37, 45) = 45k+8
90k+45
.
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Case 38: m = 45k + 38 with k ≥ 1. Then f(45k + 38, 45) = 45k+7
90k+45
.
Case 41: m = 45k + 41 with k ≥ 1. Then f(45k + 41, 45) = 45k+4
90k+45
.
Case 43: m = 45k + 43 with k ≥ 1. Then f(45k + 43, 45) = 45k+2
90k+45
.
Case 44: m = 45k + 44 with k ≥ 1. Then f(45k + 44, 45) = 45k+1
90k+45
.
——————–
Conjecture F.40 If m = 46k + i where 0 ≤ i ≤ 45 then f(m, 46) depends only on k, i via
a formula, given below, with 19 exceptions (we will note the exceptions).
Case 0: m = 46k + 0 with k ≥ 1. Then f(46k, 46) = 1.
Case 1: m = 46k + 1 with k ≥ 1. Then f(46k + 1, 46) = 46k+1
92k+46
.
Case 3: m = 46k + 3 with k ≥ 1. Then f(46k + 3, 46) = 46k+3
92k+46
.
Case 5: m = 46k + 5 with k ≥ 2. Then f(46k + 5, 46) = 46k+5
92k+46
. (Exception: f(51, 46) =
31/92 int-exception.)
Case 7: m = 46k+7 with k ≥ 2. Then f(46k+7, 46) = 46k+7
92k+46
. (Exception: f(53, 46) = 8/23
int-exception.)
Case 9: m = 46k+9 with k ≥ 3. Then f(46k+9, 46) = 46k+9
92k+46
. (Exception: f(55, 46) = 8/23
int-exception, f(101, 46) = 10/23 int-exception.)
Case 11: m = 46k+11 with k ≥ 7. Then f(46k+11, 46) = 46k−34
92k−46
. (Exception: f(57, 46) =
8/23 int-exception, f(103, 46) = 10/23 int-exception, f(149, 46) = 21/46 int-exception,
f(195, 46) = 43/92 int-exception, f(241, 46) = 109/230 int-exception, f(287, 46) = 287/598
fc-exception.)
Case 13: m = 46k + 13 with k ≥ 1. Then f(46k + 13, 46) = 46k−13
92k
.
Case 15: m = 46k + 15 with k ≥ 1. Then f(46k + 15, 46) = 46k−15
92k
.
Case 17: m = 46k+17 with k ≥ 2. Then f(46k+17, 46) = 46k−17
92k
. (Exception: f(63, 46) =
1/3 fc-exception.)
Case 19: m = 46k+19 with k ≥ 2. Then f(46k+19, 46) = 46k−19
92k
. (Exception: f(65, 46) =
1/3 fc-exception.)
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Case 21: m = 46k+21 with k ≥ 2. Then f(46k+21, 46) = 46k−21
92k
. (Exception: f(67, 46) =
1/3 fc-exception.)
Case 25: m = 46k + 25 with k ≥ 1. Then f(46k + 25, 46) = 46k+25
92k+92
.
Case 27: m = 46k + 27 with k ≥ 1. Then f(46k + 27, 46) = 46k+27
92k+92
.
Case 29: m = 46k + 29 with k ≥ 1. Then f(46k + 29, 46) = 46k+29
92k+92
.
Case 31: m = 46k+31 with k ≥ 2. Then f(46k+31, 46) = 46k+31
92k+92
. (Exception: f(77, 46) =
85/207 int-exception.)
Case 33: m = 46k+33 with k ≥ 5. Then f(46k+33, 46) = 46k+33
92k+92
. (Exception: f(79, 46) =
28/69 int-exception, f(125, 46) = 41/92 int-exception, f(171, 46) = 32/69 int-exception,
f(217, 46) = 499/1058 int-exception.)
Case 35: m = 46k+35 with k ≥ 2. Then f(46k+35, 46) = 46k+11
92k+46
. (Exception: f(81, 46) =
151/368 int-exception.)
Case 37: m = 46k + 37 with k ≥ 1. Then f(46k + 37, 46) = 46k+9
92k+46
.
Case 39: m = 46k + 39 with k ≥ 1. Then f(46k + 39, 46) = 46k+7
92k+46
.
Case 41: m = 46k + 41 with k ≥ 1. Then f(46k + 41, 46) = 46k+5
92k+46
.
Case 43: m = 46k + 43 with k ≥ 1. Then f(46k + 43, 46) = 46k+3
92k+46
.
Case 45: m = 46k + 45 with k ≥ 1. Then f(46k + 45, 46) = 46k+1
92k+46
.
——————–
Conjecture F.41 If m = 47k + i where 0 ≤ i ≤ 46 then f(m, 47) depends only on k, i via
a formula, given below, with 48 exceptions (we will note the exceptions).
Case 0: m = 47k + 0 with k ≥ 1. Then f(47k, 47) = 1.
Case 1: m = 47k + 1 with k ≥ 1. Then f(47k + 1, 47) = 47k+1
94k+47
.
Case 2: m = 47k + 2 with k ≥ 1. Then f(47k + 2, 47) = 47k+2
94k+47
.
Case 3: m = 47k + 3 with k ≥ 1. Then f(47k + 3, 47) = 47k+3
94k+47
.
Case 4: m = 47k + 4 with k ≥ 1. Then f(47k + 4, 47) = 47k+4
94k+47
.
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Case 5: m = 47k + 5 with k ≥ 2. Then f(47k + 5, 47) = 47k+5
94k+47
. (Exception: f(52, 47) =
16/47 int-exception.)
Case 6: m = 47k + 6 with k ≥ 2. Then f(47k + 6, 47) = 47k+6
94k+47
. (Exception: f(53, 47) =
65/188 int-exception.)
Case 7: m = 47k + 7 with k ≥ 2. Then f(47k + 7, 47) = 47k+7
94k+47
. (Exception: f(54, 47) =
33/94 int-exception.)
Case 8: m = 47k + 8 with k ≥ 2. Then f(47k + 8, 47) = 47k+8
94k+47
. (Exception: f(55, 47) =
63/188 int-exception.)
Case 9: m = 47k + 9 with k ≥ 3. Then f(47k + 9, 47) = 47k+9
94k+47
. (Exception: f(56, 47) =
65/188 int-exception, f(103, 47) = 327/752 int-exception.)
Case 10: m = 47k+10 with k ≥ 4. Then f(47k+10, 47) = 47k+10
94k+47
. (Exception: f(57, 47) =
67/188 int-exception, f(104, 47) = 121/282 int-exception, f(151, 47) = 43/94 int-exception.)
Case 11: m = 47k + 11 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 7, 9, 10, 11. Then f(47k + 11, 47) =
47k−12
94k
. (Exception: f(58, 47) = 50/141 int-exception, f(105, 47) = 163/376 int-exception,
f(152, 47) = 257/564 int-exception, f(199, 47) = 351/752 int-exception, f(246, 47) = 401/846
int-exception, f(340, 47) = 589/1222 int-exception, f(434, 47) = 571/1175 int-exception,
f(481, 47) = 481/987 fc-exception, f(528, 47) = 528/1081 fc-exception.)
Case 12: m = 47k + 12 with k ≥ 4. Then f(47k + 12, 47) = 47k−12
94k
. (Exception:
f(59, 47) = 83/235 int-exception, f(106, 47) = 224/517 int-exception, f(153, 47) = 365/799
int-exception.)
Case 13: m = 47k + 13 with k ≥ 1. Then f(47k + 13, 47) = 47k−13
94k
.
Case 14: m = 47k + 14 with k ≥ 1. Then f(47k + 14, 47) = 47k−14
94k
.
Case 15: m = 47k + 15 with k ≥ 1. Then f(47k + 15, 47) = 47k−15
94k
.
Case 16: m = 47k+16 with k ≥ 2. Then f(47k+16, 47) = 47k−16
94k
. (Exception: f(63, 47) =
1/3 fc-exception.)
Case 17: m = 47k+17 with k ≥ 2. Then f(47k+17, 47) = 47k−17
94k
. (Exception: f(64, 47) =
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1/3 fc-exception.)
Case 18: m = 47k+18 with k ≥ 2. Then f(47k+18, 47) = 47k−18
94k
. (Exception: f(65, 47) =
1/3 fc-exception.)
Case 19: m = 47k+19 with k ≥ 2. Then f(47k+19, 47) = 47k−19
94k
. (Exception: f(66, 47) =
1/3 fc-exception.)
Case 20: m = 47k+20 with k ≥ 2. Then f(47k+20, 47) = 47k−20
94k
. (Exception: f(67, 47) =
1/3 fc-exception.)
Case 21: m = 47k+21 with k ≥ 2. Then f(47k+21, 47) = 47k−21
94k
. (Exception: f(68, 47) =
1/3 fc-exception.)
Case 22: m = 47k+22 with k ≥ 2. Then f(47k+22, 47) = 47k−22
94k
. (Exception: f(69, 47) =
1/3 fc-exception.)
Case 23: m = 47k+23 with k ≥ 2. Then f(47k+23, 47) = 47k−23
94k
. (Exception: f(70, 47) =
1/3 fc-exception.)
Case 24: m = 47k + 24 with k ≥ 1. Then f(47k + 24, 47) = 47k+24
94k+94
.
Case 25: m = 47k + 25 with k ≥ 1. Then f(47k + 25, 47) = 47k+25
94k+94
.
Case 26: m = 47k + 26 with k ≥ 1. Then f(47k + 26, 47) = 47k+26
94k+94
.
Case 27: m = 47k + 27 with k ≥ 1. Then f(47k + 27, 47) = 47k+27
94k+94
.
Case 28: m = 47k + 28 with k ≥ 1. Then f(47k + 28, 47) = 47k+28
94k+94
.
Case 29: m = 47k + 29 with k ≥ 1. Then f(47k + 29, 47) = 47k+29
94k+94
.
Case 30: m = 47k + 30 with k ≥ 1. Then f(47k + 30, 47) = 47k+30
94k+94
.
Case 31: m = 47k+31 with k ≥ 2. Then f(47k+31, 47) = 47k+31
94k+94
. (Exception: f(78, 47) =
19/47 int-exception.)
Case 32: m = 47k+32 with k ≥ 2. Then f(47k+32, 47) = 47k+32
94k+94
. (Exception: f(79, 47) =
77/188 int-exception.)
Case 33: m = 47k+33 with k ≥ 3. Then f(47k+33, 47) = 47k+33
94k+94
. (Exception: f(80, 47) =
113/282 int-exception, f(127, 47) = 527/1175 int-exception.)
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Case 34: m = 47k + 34 with k ≥ 6. Then f(47k + 34, 47) = 47k+34
94k+94
. (Exception:
f(81, 47) = 115/282 int-exception, f(128, 47) = 209/470 int-exception, f(175, 47) = 87/188
int-exception, f(222, 47) = 599/1269 int-exception, f(269, 47) = 650/1363 int-exception.)
Case 35: m = 47k + 35 with k ≥ 11. Then f(47k + 35, 47) = 47k−34
94k−47
. (Exception:
f(82, 47) = 77/188 int-exception, f(129, 47) = 211/470 int-exception, f(176, 47) = 305/658
int-exception, f(223, 47) = 133/282 int-exception, f(270, 47) = 493/1034 int-exception,
f(317, 47) = 587/1222 int-exception, f(364, 47) = 227/470 int-exception, f(411, 47) =
775/1598 int-exception, f(458, 47) = 869/1786 int-exception, f(505, 47) = 321/658 int-
exception.)
Case 36: m = 47k + 36 with k ≥ 1. Then f(47k + 36, 47) = 47k+11
94k+47
.
Case 37: m = 47k + 37 with k ≥ 1. Then f(47k + 37, 47) = 47k+10
94k+47
.
Case 38: m = 47k + 38 with k ≥ 1. Then f(47k + 38, 47) = 47k+9
94k+47
.
Case 39: m = 47k + 39 with k ≥ 1. Then f(47k + 39, 47) = 47k+8
94k+47
.
Case 40: m = 47k + 40 with k ≥ 1. Then f(47k + 40, 47) = 47k+7
94k+47
.
Case 41: m = 47k + 41 with k ≥ 1. Then f(47k + 41, 47) = 47k+6
94k+47
.
Case 42: m = 47k + 42 with k ≥ 1. Then f(47k + 42, 47) = 47k+5
94k+47
.
Case 43: m = 47k + 43 with k ≥ 1. Then f(47k + 43, 47) = 47k+4
94k+47
.
Case 44: m = 47k + 44 with k ≥ 1. Then f(47k + 44, 47) = 47k+3
94k+47
.
Case 45: m = 47k + 45 with k ≥ 1. Then f(47k + 45, 47) = 47k+2
94k+47
.
Case 46: m = 47k + 46 with k ≥ 1. Then f(47k + 46, 47) = 47k+1
94k+47
.
——————–
Conjecture F.42 If m = 48k + i where 0 ≤ i ≤ 47 then f(m, 48) depends only on k, i via
a formula, given below, with 18 exceptions (we will note the exceptions).
Case 0: m = 48k + 0 with k ≥ 1. Then f(48k, 48) = 1.
Case 1: m = 48k + 1 with k ≥ 1. Then f(48k + 1, 48) = 48k+1
96k+48
.
133
Case 5: m = 48k + 5 with k ≥ 2. Then f(48k + 5, 48) = 48k+5
96k+48
. (Exception: f(53, 48) =
11/32 int-exception.)
Case 7: m = 48k + 7 with k ≥ 2. Then f(48k + 7, 48) = 48k+7
96k+48
. (Exception: f(55, 48) =
17/48 int-exception.)
Case 11: m = 48k + 11 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 7. Then f(48k + 11, 48) = 48k+11
96k+48
. (Ex-
ception: f(59, 48) = 13/36 int-exception, f(107, 48) = 83/192 int-exception, f(155, 48) =
131/288 int-exception, f(203, 48) = 157/336 int-exception, f(251, 48) = 205/432 int-exception,
f(347, 48) = 293/608 int-exception.)
Case 13: m = 48k+13 with k ≥ 2. Then f(48k+13, 48) = 48k−13
96k
. (Exception: f(61, 48) =
29/80 int-exception.)
Case 17: m = 48k+17 with k ≥ 2. Then f(48k+17, 48) = 48k−17
96k
. (Exception: f(65, 48) =
1/3 fc-exception.)
Case 19: m = 48k+19 with k ≥ 2. Then f(48k+19, 48) = 48k−19
96k
. (Exception: f(67, 48) =
1/3 fc-exception.)
Case 23: m = 48k+23 with k ≥ 2. Then f(48k+23, 48) = 48k−23
96k
. (Exception: f(71, 48) =
1/3 fc-exception.)
Case 25: m = 48k + 25 with k ≥ 1. Then f(48k + 25, 48) = 48k+25
96k+96
.
Case 29: m = 48k + 29 with k ≥ 1. Then f(48k + 29, 48) = 48k+29
96k+96
.
Case 31: m = 48k + 31 with k ≥ 1. Then f(48k + 31, 48) = 48k+31
96k+96
.
Case 35: m = 48k + 35 with k ≥ 7. Then f(48k + 35, 48) = 48k+35
96k+96
. (Exception:
f(83, 48) = 59/144 int-exception, f(131, 48) = 107/240 int-exception, f(179, 48) = 133/288
int-exception, f(227, 48) = 181/384 int-exception, f(275, 48) = 229/480 int-exception, f(323, 48) =
269/560 int-exception.)
Case 37: m = 48k + 37 with k ≥ 1. Then f(48k + 37, 48) = 48k+11
96k+48
.
Case 41: m = 48k + 41 with k ≥ 1. Then f(48k + 41, 48) = 48k+7
96k+48
.
Case 43: m = 48k + 43 with k ≥ 1. Then f(48k + 43, 48) = 48k+5
96k+48
.
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Case 47: m = 48k + 47 with k ≥ 1. Then f(48k + 47, 48) = 48k+1
96k+48
.
——————–
Conjecture F.43 If m = 49k + i where 0 ≤ i ≤ 48 then f(m, 49) depends only on k, i via
a formula, given below, with 47 exceptions (we will note the exceptions).
Case 0: m = 49k + 0 with k ≥ 1. Then f(49k, 49) = 1.
Case 1: m = 49k + 1 with k ≥ 1. Then f(49k + 1, 49) = 49k+1
98k+49
.
Case 2: m = 49k + 2 with k ≥ 1. Then f(49k + 2, 49) = 49k+2
98k+49
.
Case 3: m = 49k + 3 with k ≥ 1. Then f(49k + 3, 49) = 49k+3
98k+49
.
Case 4: m = 49k + 4 with k ≥ 1. Then f(49k + 4, 49) = 49k+4
98k+49
.
Case 5: m = 49k + 5 with k ≥ 2. Then f(49k + 5, 49) = 49k+5
98k+49
. (Exception: f(54, 49) =
17/49 int-exception.)
Case 6: m = 49k + 6 with k ≥ 1. Then f(49k + 6, 49) = 49k+6
98k+49
.
Case 8: m = 49k + 8 with k ≥ 2. Then f(49k + 8, 49) = 49k+8
98k+49
. (Exception: f(57, 49) =
33/98 int-exception.)
Case 9: m = 49k + 9 with k ≥ 3. Then f(49k + 9, 49) = 49k+9
98k+49
. (Exception: f(58, 49) =
67/196 int-exception, f(107, 49) = 169/392 int-exception.)
Case 10: m = 49k + 10 with k ≥ 4. Then f(49k + 10, 49) = 49k+10
98k+49
. (Exception:
f(59, 49) = 69/196 int-exception, f(108, 49) = 127/294 int-exception, f(157, 49) = 313/686
int-exception.)
Case 11: m = 49k + 11 with k ≥ 6. Then f(49k + 11, 49) = 49k+11
98k+49
. (Exception:
f(60, 49) = 71/196 int-exception, f(109, 49) = 169/392 int-exception, f(158, 49) = 223/490
int-exception, f(207, 49) = 321/686 int-exception, f(256, 49) = 302/637 int-exception.)
Case 12: m = 49k+12 with k ≥ 12. Then f(49k+12, 49) = 49k−36
98k−49
. (Exception: f(61, 49) =
50/147 int-exception, f(110, 49) = 64/147 int-exception, f(159, 49) = 269/588 int-exception,
f(208, 49) = 367/784 int-exception, f(257, 49) = 93/196 int-exception, f(306, 49) = 563/1176
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int-exception, f(355, 49) = 661/1372 int-exception, f(404, 49) = 759/1568 int-exception,
f(453, 49) = 857/1764 int-exception, f(502, 49) = 191/392 int-exception, f(551, 49) =
1053/2156 int-exception.)
Case 13: m = 49k+13 with k ≥ 2. Then f(49k+13, 49) = 49k−13
98k
. (Exception: f(62, 49) =
88/245 int-exception.)
Case 15: m = 49k + 15 with k ≥ 1. Then f(49k + 15, 49) = 49k−15
98k
.
Case 16: m = 49k + 16 with k ≥ 1. Then f(49k + 16, 49) = 49k−16
98k
.
Case 17: m = 49k+17 with k ≥ 2. Then f(49k+17, 49) = 49k−17
98k
. (Exception: f(66, 49) =
1/3 fc-exception.)
Case 18: m = 49k+18 with k ≥ 2. Then f(49k+18, 49) = 49k−18
98k
. (Exception: f(67, 49) =
1/3 fc-exception.)
Case 19: m = 49k+19 with k ≥ 2. Then f(49k+19, 49) = 49k−19
98k
. (Exception: f(68, 49) =
1/3 fc-exception.)
Case 20: m = 49k+20 with k ≥ 2. Then f(49k+20, 49) = 49k−20
98k
. (Exception: f(69, 49) =
1/3 fc-exception.)
Case 22: m = 49k+22 with k ≥ 2. Then f(49k+22, 49) = 49k−22
98k
. (Exception: f(71, 49) =
1/3 fc-exception.)
Case 23: m = 49k+23 with k ≥ 2. Then f(49k+23, 49) = 49k−23
98k
. (Exception: f(72, 49) =
1/3 fc-exception.)
Case 24: m = 49k+24 with k ≥ 2. Then f(49k+24, 49) = 49k−24
98k
. (Exception: f(73, 49) =
1/3 fc-exception.)
Case 25: m = 49k + 25 with k ≥ 1. Then f(49k + 25, 49) = 49k+25
98k+98
.
Case 26: m = 49k + 26 with k ≥ 1. Then f(49k + 26, 49) = 49k+26
98k+98
.
Case 27: m = 49k + 27 with k ≥ 1. Then f(49k + 27, 49) = 49k+27
98k+98
.
Case 29: m = 49k + 29 with k ≥ 1. Then f(49k + 29, 49) = 49k+29
98k+98
.
Case 30: m = 49k + 30 with k ≥ 1. Then f(49k + 30, 49) = 49k+30
98k+98
.
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Case 31: m = 49k + 31 with k ≥ 1. Then f(49k + 31, 49) = 49k+31
98k+98
.
Case 32: m = 49k+32 with k ≥ 2. Then f(49k+32, 49) = 49k+32
98k+98
. (Exception: f(81, 49) =
20/49 int-exception.)
Case 33: m = 49k+33 with k ≥ 2. Then f(49k+33, 49) = 49k+33
98k+98
. (Exception: f(82, 49) =
181/441 int-exception.)
Case 34: m = 49k+34 with k ≥ 3. Then f(49k+34, 49) = 49k+34
98k+98
. (Exception: f(83, 49) =
79/196 int-exception, f(132, 49) = 241/539 int-exception.)
Case 36: m = 49k + 36 with k ≥ 10. Then f(49k + 36, 49) = 49k+36
98k+98
. (Exception:
f(85, 49) = 121/294 int-exception, f(134, 49) = 219/490 int-exception, f(183, 49) = 317/686
int-exception, f(232, 49) = 369/784 int-exception, f(281, 49) = 467/980 int-exception, f(330, 49) =
565/1176 int-exception, f(379, 49) = 663/1372 int-exception, f(428, 49) = 1117/2303 int-
exception, f(477, 49) = 1264/2597 int-exception.)
Case 37: m = 49k + 37 with k ≥ 4. Then f(49k + 37, 49) = 49k+12
98k+49
. (Exception:
f(86, 49) = 20/49 int-exception, f(135, 49) = 307/686 int-exception, f(184, 49) = 227/490
int-exception.)
Case 38: m = 49k + 38 with k ≥ 1. Then f(49k + 38, 49) = 49k+11
98k+49
.
Case 39: m = 49k + 39 with k ≥ 1. Then f(49k + 39, 49) = 49k+10
98k+49
.
Case 40: m = 49k + 40 with k ≥ 1. Then f(49k + 40, 49) = 49k+9
98k+49
.
Case 41: m = 49k + 41 with k ≥ 1. Then f(49k + 41, 49) = 49k+8
98k+49
.
Case 43: m = 49k + 43 with k ≥ 1. Then f(49k + 43, 49) = 49k+6
98k+49
.
Case 44: m = 49k + 44 with k ≥ 1. Then f(49k + 44, 49) = 49k+5
98k+49
.
Case 45: m = 49k + 45 with k ≥ 1. Then f(49k + 45, 49) = 49k+4
98k+49
.
Case 46: m = 49k + 46 with k ≥ 1. Then f(49k + 46, 49) = 49k+3
98k+49
.
Case 47: m = 49k + 47 with k ≥ 1. Then f(49k + 47, 49) = 49k+2
98k+49
.
Case 48: m = 49k + 48 with k ≥ 1. Then f(49k + 48, 49) = 49k+1
98k+49
.
——————–
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Conjecture F.44 If m = 50k + i where 0 ≤ i ≤ 49 then f(m, 50) depends only on k, i via
a formula, given below, with 20 exceptions (we will note the exceptions).
Case 0: m = 50k + 0 with k ≥ 1. Then f(50k, 50) = 1.
Case 1: m = 50k + 1 with k ≥ 1. Then f(50k + 1, 50) = 50k+1
100k+50
.
Case 3: m = 50k + 3 with k ≥ 1. Then f(50k + 3, 50) = 50k+3
100k+50
.
Case 7: m = 50k + 7 with k ≥ 2. Then f(50k + 7, 50) = 50k+7
100k+50
. (Exception: f(57, 50) =
71/200 int-exception.)
Case 9: m = 50k + 9 with k ≥ 3. Then f(50k + 9, 50) = 50k+9
100k+50
. (Exception: f(59, 50) =
17/50 int-exception, f(109, 50) = 173/400 int-exception.)
Case 11: m = 50k+11 with k ≥ 5. Then f(50k+11, 50) = 50k+11
100k+50
. (Exception: f(61, 50) =
9/25 int-exception, f(111, 50) = 43/100 int-exception, f(161, 50) = 57/125 int-exception,
f(211, 50) = 1499/3200 int-exception.)
Case 13: m = 50k+13 with k ≥ 3. Then f(50k+13, 50) = 50k−13
100k
. (Exception: f(63, 50) =
89/250 int-exception, f(113, 50) = 239/550 int-exception.)
Case 17: m = 50k+17 with k ≥ 2. Then f(50k+17, 50) = 50k−17
100k
. (Exception: f(67, 50) =
1/3 fc-exception.)
Case 19: m = 50k+19 with k ≥ 2. Then f(50k+19, 50) = 50k−19
100k
. (Exception: f(69, 50) =
1/3 fc-exception.)
Case 21: m = 50k+21 with k ≥ 2. Then f(50k+21, 50) = 50k−21
100k
. (Exception: f(71, 50) =
1/3 fc-exception.)
Case 23: m = 50k+23 with k ≥ 2. Then f(50k+23, 50) = 50k−23
100k
. (Exception: f(73, 50) =
1/3 fc-exception.)
Case 27: m = 50k + 27 with k ≥ 1. Then f(50k + 27, 50) = 50k+27
100k+100
.
Case 29: m = 50k + 29 with k ≥ 1. Then f(50k + 29, 50) = 50k+29
100k+100
.
Case 31: m = 50k + 31 with k ≥ 1. Then f(50k + 31, 50) = 50k+31
100k+100
.
Case 33: m = 50k + 33 with k ≥ 2. Then f(50k + 33, 50) = 50k+33
100k+100
. (Exception:
138
f(83, 50) = 101/250 int-exception.)
Case 37: m = 50k+37 with k ≥ 7. Then f(50k+37, 50) = 50k−12
100k
. (Exception: f(87, 50) =
33/80 int-exception, f(137, 50) = 56/125 int-exception, f(187, 50) = 81/175 int-exception,
f(237, 50) = 106/225 int-exception, f(287, 50) = 131/275 int-exception, f(337, 50) = 337/700
fc-exception.)
Case 39: m = 50k + 39 with k ≥ 1. Then f(50k + 39, 50) = 50k+11
100k+50
.
Case 41: m = 50k + 41 with k ≥ 1. Then f(50k + 41, 50) = 50k+9
100k+50
.
Case 43: m = 50k + 43 with k ≥ 1. Then f(50k + 43, 50) = 50k+7
100k+50
.
Case 47: m = 50k + 47 with k ≥ 1. Then f(50k + 47, 50) = 50k+3
100k+50
.
Case 49: m = 50k + 49 with k ≥ 1. Then f(50k + 49, 50) = 50k+1
100k+50
.
——————–
Conjecture F.45 If m = 51k + i where 0 ≤ i ≤ 50 then f(m, 51) depends only on k, i via
a formula, given below, with 34 exceptions (we will note the exceptions).
Case 0: m = 51k + 0 with k ≥ 1. Then f(51k, 51) = 1.
Case 1: m = 51k + 1 with k ≥ 1. Then f(51k + 1, 51) = 51k+1
102k+51
.
Case 2: m = 51k + 2 with k ≥ 1. Then f(51k + 2, 51) = 51k+2
102k+51
.
Case 4: m = 51k + 4 with k ≥ 1. Then f(51k + 4, 51) = 51k+4
102k+51
.
Case 5: m = 51k + 5 with k ≥ 2. Then f(51k + 5, 51) = 51k+5
102k+51
. (Exception: f(56, 51) =
6/17 int-exception.)
Case 7: m = 51k + 7 with k ≥ 2. Then f(51k + 7, 51) = 51k+7
102k+51
. (Exception: f(58, 51) =
6/17 int-exception.)
Case 8: m = 51k + 8 with k ≥ 2. Then f(51k + 8, 51) = 51k+8
102k+51
. (Exception: f(59, 51) =
35/102 int-exception.)
Case 10: m = 51k+10 with k ≥ 3. Then f(51k+10, 51) = 51k+10
102k+51
. (Exception: f(61, 51) =
71/204 int-exception, f(112, 51) = 133/306 int-exception.)
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Case 11: m = 51k + 11 with k ≥ 5. Then f(51k + 11, 51) = 51k+11
102k+51
. (Exception:
f(62, 51) = 73/204 int-exception, f(113, 51) = 175/408 int-exception, f(164, 51) = 233/510
int-exception, f(215, 51) = 159/340 int-exception.)
Case 13: m = 51k+13 with k ≥ 5. Then f(51k+13, 51) = 51k−13
102k
. (Exception: f(64, 51) =
6/17 int-exception, f(115, 51) = 81/187 int-exception, f(166, 51) = 132/289 int-exception,
f(217, 51) = 183/391 int-exception.)
Case 14: m = 51k + 14 with k ≥ 1. Then f(51k + 14, 51) = 51k−14
102k
.
Case 16: m = 51k + 16 with k ≥ 1. Then f(51k + 16, 51) = 51k−16
102k
.
Case 19: m = 51k+19 with k ≥ 2. Then f(51k+19, 51) = 51k−19
102k
. (Exception: f(70, 51) =
1/3 fc-exception.)
Case 20: m = 51k+20 with k ≥ 2. Then f(51k+20, 51) = 51k−20
102k
. (Exception: f(71, 51) =
1/3 fc-exception.)
Case 22: m = 51k+22 with k ≥ 2. Then f(51k+22, 51) = 51k−22
102k
. (Exception: f(73, 51) =
1/3 fc-exception.)
Case 23: m = 51k+23 with k ≥ 2. Then f(51k+23, 51) = 51k−23
102k
. (Exception: f(74, 51) =
1/3 fc-exception.)
Case 25: m = 51k+25 with k ≥ 2. Then f(51k+25, 51) = 51k−25
102k
. (Exception: f(76, 51) =
1/3 fc-exception.)
Case 26: m = 51k + 26 with k ≥ 1. Then f(51k + 26, 51) = 51k+26
102k+102
.
Case 28: m = 51k + 28 with k ≥ 1. Then f(51k + 28, 51) = 51k+28
102k+102
.
Case 29: m = 51k + 29 with k ≥ 1. Then f(51k + 29, 51) = 51k+29
102k+102
.
Case 31: m = 51k + 31 with k ≥ 1. Then f(51k + 31, 51) = 51k+31
102k+102
.
Case 32: m = 51k + 32 with k ≥ 1. Then f(51k + 32, 51) = 51k+32
102k+102
.
Case 35: m = 51k + 35 with k ≥ 2. Then f(51k + 35, 51) = 51k+35
102k+102
. (Exception:
f(86, 51) = 83/204 int-exception.)
Case 37: m = 51k + 37 with k ≥ 6. Then f(51k + 37, 51) = 51k+37
102k+102
. (Exception:
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f(88, 51) = 125/306 int-exception, f(139, 51) = 227/510 int-exception, f(190, 51) = 283/612
int-exception, f(241, 51) = 385/816 int-exception, f(292, 51) = 235/493 int-exception.)
Case 38: m = 51k + 38 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 7, 8, 9, 10, 11. Then f(51k + 38, 51) =
51k−12
102k
. (Exception: f(89, 51) = 167/408 int-exception, f(140, 51) = 229/510 int-exception,
f(191, 51) = 331/714 int-exception, f(242, 51) = 433/918 int-exception, f(293, 51) = 535/1122
int-exception, f(395, 51) = 739/1530 int-exception, f(446, 51) = 841/1734 int-exception,
f(497, 51) = 943/1938 int-exception, f(548, 51) = 1045/2142 int-exception, f(599, 51) =
1147/2346 int-exception.)
Case 40: m = 51k + 40 with k ≥ 1. Then f(51k + 40, 51) = 51k+11
102k+51
.
Case 41: m = 51k + 41 with k ≥ 1. Then f(51k + 41, 51) = 51k+10
102k+51
.
Case 43: m = 51k + 43 with k ≥ 1. Then f(51k + 43, 51) = 51k+8
102k+51
.
Case 44: m = 51k + 44 with k ≥ 1. Then f(51k + 44, 51) = 51k+7
102k+51
.
Case 46: m = 51k + 46 with k ≥ 1. Then f(51k + 46, 51) = 51k+5
102k+51
.
Case 47: m = 51k + 47 with k ≥ 1. Then f(51k + 47, 51) = 51k+4
102k+51
.
Case 49: m = 51k + 49 with k ≥ 1. Then f(51k + 49, 51) = 51k+2
102k+51
.
Case 50: m = 51k + 50 with k ≥ 1. Then f(51k + 50, 51) = 51k+1
102k+51
.
——————–
Conjecture F.46 If m = 52k + i where 0 ≤ i ≤ 51 then f(m, 52) depends only on k, i via
a formula, given below, with 14 exceptions (we will note the exceptions).
Case 0: m = 52k + 0 with k ≥ 1. Then f(52k, 52) = 1.
Case 1: m = 52k + 1 with k ≥ 1. Then f(52k + 1, 52) = 52k+1
104k+52
.
Case 3: m = 52k + 3 with k ≥ 1. Then f(52k + 3, 52) = 52k+3
104k+52
.
Case 5: m = 52k + 5 with k ≥ 2. Then f(52k + 5, 52) = 52k+5
104k+52
. (Exception: f(57, 52) =
37/104 int-exception.)
Case 7: m = 52k + 7 with k ≥ 2. Then f(52k + 7, 52) = 52k+7
104k+52
. (Exception: f(59, 52) =
73/208 int-exception.)
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Case 9: m = 52k + 9 with k ≥ 2. Then f(52k + 9, 52) = 52k+9
104k+52
. (Exception: f(61, 52) =
35/104 int-exception.)
Case 11: m = 52k + 11 with k ≥ 4. Then f(52k + 11, 52) = 52k+11
104k+52
. (Exception:
f(63, 52) = 37/104 int-exception, f(115, 52) = 67/156 int-exception, f(167, 52) = 119/260
int-exception.)
Case 15: m = 52k + 15 with k ≥ 1. Then f(52k + 15, 52) = 52k−15
104k
.
Case 17: m = 52k + 17 with k ≥ 1. Then f(52k + 17, 52) = 52k−17
104k
.
Case 19: m = 52k+19 with k ≥ 2. Then f(52k+19, 52) = 52k−19
104k
. (Exception: f(71, 52) =
1/3 fc-exception.)
Case 21: m = 52k+21 with k ≥ 2. Then f(52k+21, 52) = 52k−21
104k
. (Exception: f(73, 52) =
1/3 fc-exception.)
Case 23: m = 52k+23 with k ≥ 2. Then f(52k+23, 52) = 52k−23
104k
. (Exception: f(75, 52) =
1/3 fc-exception.)
Case 25: m = 52k+25 with k ≥ 2. Then f(52k+25, 52) = 52k−25
104k
. (Exception: f(77, 52) =
1/3 fc-exception.)
Case 27: m = 52k + 27 with k ≥ 1. Then f(52k + 27, 52) = 52k+27
104k+104
.
Case 29: m = 52k + 29 with k ≥ 1. Then f(52k + 29, 52) = 52k+29
104k+104
.
Case 31: m = 52k + 31 with k ≥ 1. Then f(52k + 31, 52) = 52k+31
104k+104
.
Case 33: m = 52k + 33 with k ≥ 1. Then f(52k + 33, 52) = 52k+33
104k+104
.
Case 35: m = 52k + 35 with k ≥ 2. Then f(52k + 35, 52) = 52k+35
104k+104
. (Exception:
f(87, 52) = 16/39 int-exception.)
Case 37: m = 52k + 37 with k ≥ 4. Then f(52k + 37, 52) = 52k+37
104k+104
. (Exception:
f(89, 52) = 21/52 int-exception, f(141, 52) = 93/208 int-exception, f(193, 52) = 409/884
int-exception.)
Case 41: m = 52k + 41 with k ≥ 1. Then f(52k + 41, 52) = 52k+11
104k+52
.
Case 43: m = 52k + 43 with k ≥ 1. Then f(52k + 43, 52) = 52k+9
104k+52
.
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Case 45: m = 52k + 45 with k ≥ 1. Then f(52k + 45, 52) = 52k+7
104k+52
.
Case 47: m = 52k + 47 with k ≥ 1. Then f(52k + 47, 52) = 52k+5
104k+52
.
Case 49: m = 52k + 49 with k ≥ 1. Then f(52k + 49, 52) = 52k+3
104k+52
.
Case 51: m = 52k + 51 with k ≥ 1. Then f(52k + 51, 52) = 52k+1
104k+52
.
——————–
Conjecture F.47 If m = 53k + i where 0 ≤ i ≤ 52 then f(m, 53) depends only on k, i via
a formula, given below, with 56 exceptions (we will note the exceptions).
Case 0: m = 53k + 0 with k ≥ 1. Then f(53k, 53) = 1.
Case 1: m = 53k + 1 with k ≥ 1. Then f(53k + 1, 53) = 53k+1
106k+53
.
Case 2: m = 53k + 2 with k ≥ 1. Then f(53k + 2, 53) = 53k+2
106k+53
.
Case 3: m = 53k + 3 with k ≥ 1. Then f(53k + 3, 53) = 53k+3
106k+53
.
Case 4: m = 53k + 4 with k ≥ 1. Then f(53k + 4, 53) = 53k+4
106k+53
.
Case 5: m = 53k + 5 with k ≥ 2. Then f(53k + 5, 53) = 53k+5
106k+53
. (Exception: f(58, 53) =
19/53 int-exception.)
Case 6: m = 53k + 6 with k ≥ 1. Then f(53k + 6, 53) = 53k+6
106k+53
.
Case 7: m = 53k + 7 with k ≥ 2. Then f(53k + 7, 53) = 53k+7
106k+53
. (Exception: f(60, 53) =
37/106 int-exception.)
Case 8: m = 53k + 8 with k ≥ 2. Then f(53k + 8, 53) = 53k+8
106k+53
. (Exception: f(61, 53) =
37/106 int-exception.)
Case 9: m = 53k + 9 with k ≥ 2. Then f(53k + 9, 53) = 53k+9
106k+53
. (Exception: f(62, 53) =
71/212 int-exception.)
Case 10: m = 53k+10 with k ≥ 3. Then f(53k+10, 53) = 53k+10
106k+53
. (Exception: f(63, 53) =
73/212 int-exception, f(116, 53) = 23/53 int-exception.)
Case 11: m = 53k + 11 with k ≥ 4. Then f(53k + 11, 53) = 53k+11
106k+53
. (Exception:
f(64, 53) = 75/212 int-exception, f(117, 53) = 137/318 int-exception, f(170, 53) = 169/371
int-exception.)
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Case 12: m = 53k + 12 with k ≥ 7. Then f(53k + 12, 53) = 53k+12
106k+53
. (Exception:
f(65, 53) = 77/212 int-exception, f(118, 53) = 183/424 int-exception, f(171, 53) = 241/530
int-exception, f(224, 53) = 347/742 int-exception, f(277, 53) = 151/318 int-exception, f(330, 53) =
203/424 int-exception.)
Case 13: m = 53k + 13 with k ≥ 13. Then f(53k + 13, 53) = 53k−39
106k−53
. (Exception:
f(66, 53) = 18/53 int-exception, f(119, 53) = 346/795 int-exception, f(172, 53) = 97/212
int-exception, f(225, 53) = 397/848 int-exception, f(278, 53) = 503/1060 int-exception,
f(331, 53) = 203/424 int-exception, f(384, 53) = 715/1484 int-exception, f(437, 53) =
821/1696 int-exception, f(490, 53) = 103/212 int-exception, f(543, 53) = 1033/2120 int-
exception, f(596, 53) = 1139/2332 int-exception, f(649, 53) = 415/848 int-exception.)
Case 14: m = 53k+14 with k ≥ 2. Then f(53k+14, 53) = 53k−14
106k
. (Exception: f(67, 53) =
19/53 int-exception.)
Case 15: m = 53k + 15 with k ≥ 1. Then f(53k + 15, 53) = 53k−15
106k
.
Case 16: m = 53k + 16 with k ≥ 1. Then f(53k + 16, 53) = 53k−16
106k
.
Case 17: m = 53k + 17 with k ≥ 1. Then f(53k + 17, 53) = 53k−17
106k
.
Case 18: m = 53k+18 with k ≥ 2. Then f(53k+18, 53) = 53k−18
106k
. (Exception: f(71, 53) =
1/3 fc-exception.)
Case 19: m = 53k+19 with k ≥ 2. Then f(53k+19, 53) = 53k−19
106k
. (Exception: f(72, 53) =
1/3 fc-exception.)
Case 20: m = 53k+20 with k ≥ 2. Then f(53k+20, 53) = 53k−20
106k
. (Exception: f(73, 53) =
1/3 fc-exception.)
Case 21: m = 53k+21 with k ≥ 2. Then f(53k+21, 53) = 53k−21
106k
. (Exception: f(74, 53) =
1/3 fc-exception.)
Case 22: m = 53k+22 with k ≥ 2. Then f(53k+22, 53) = 53k−22
106k
. (Exception: f(75, 53) =
1/3 fc-exception.)
Case 23: m = 53k+23 with k ≥ 2. Then f(53k+23, 53) = 53k−23
106k
. (Exception: f(76, 53) =
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1/3 fc-exception.)
Case 24: m = 53k+24 with k ≥ 2. Then f(53k+24, 53) = 53k−24
106k
. (Exception: f(77, 53) =
1/3 fc-exception.)
Case 25: m = 53k+25 with k ≥ 2. Then f(53k+25, 53) = 53k−25
106k
. (Exception: f(78, 53) =
1/3 fc-exception.)
Case 26: m = 53k+26 with k ≥ 2. Then f(53k+26, 53) = 53k−26
106k
. (Exception: f(79, 53) =
1/3 fc-exception.)
Case 27: m = 53k + 27 with k ≥ 1. Then f(53k + 27, 53) = 53k+27
106k+106
.
Case 28: m = 53k + 28 with k ≥ 1. Then f(53k + 28, 53) = 53k+28
106k+106
.
Case 29: m = 53k + 29 with k ≥ 1. Then f(53k + 29, 53) = 53k+29
106k+106
.
Case 30: m = 53k + 30 with k ≥ 1. Then f(53k + 30, 53) = 53k+30
106k+106
.
Case 31: m = 53k + 31 with k ≥ 1. Then f(53k + 31, 53) = 53k+31
106k+106
.
Case 32: m = 53k + 32 with k ≥ 1. Then f(53k + 32, 53) = 53k+32
106k+106
.
Case 33: m = 53k + 33 with k ≥ 1. Then f(53k + 33, 53) = 53k+33
106k+106
.
Case 34: m = 53k + 34 with k ≥ 1. Then f(53k + 34, 53) = 53k+34
106k+106
.
Case 35: m = 53k + 35 with k ≥ 2. Then f(53k + 35, 53) = 53k+35
106k+106
. (Exception:
f(88, 53) = 107/265 int-exception.)
Case 36: m = 53k + 36 with k ≥ 2. Then f(53k + 36, 53) = 53k+36
106k+106
. (Exception:
f(89, 53) = 87/212 int-exception.)
Case 37: m = 53k + 37 with k ≥ 3. Then f(53k + 37, 53) = 53k+37
106k+106
. (Exception:
f(90, 53) = 85/212 int-exception, f(143, 53) = 260/583 int-exception.)
Case 38: m = 53k + 38 with k ≥ 4. Then f(53k + 38, 53) = 53k+38
106k+106
. (Exception:
f(91, 53) = 43/106 int-exception, f(144, 53) = 189/424 int-exception, f(197, 53) = 295/636
int-exception.)
Case 39: m = 53k + 39 with k ≥ 10. Then f(53k + 39, 53) = 53k+39
106k+106
. (Exception:
f(92, 53) = 131/318 int-exception, f(145, 53) = 237/530 int-exception, f(198, 53) = 49/106
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int-exception, f(251, 53) = 449/954 int-exception, f(304, 53) = 101/212 int-exception, f(357, 53) =
611/1272 int-exception, f(410, 53) = 717/1484 int-exception, f(463, 53) = 823/1696 int-
exception, f(516, 53) = 1367/2809 int-exception.)
Case 40: m = 53k+40 with k ≥ 4. Then f(53k+40, 53) = 53k+13
106k+53
. (Exception: f(93, 53) =
173/424 int-exception, f(146, 53) = 166/371 int-exception, f(199, 53) = 491/1060 int-exception.)
Case 41: m = 53k + 41 with k ≥ 1. Then f(53k + 41, 53) = 53k+12
106k+53
.
Case 42: m = 53k + 42 with k ≥ 1. Then f(53k + 42, 53) = 53k+11
106k+53
.
Case 43: m = 53k + 43 with k ≥ 1. Then f(53k + 43, 53) = 53k+10
106k+53
.
Case 44: m = 53k + 44 with k ≥ 1. Then f(53k + 44, 53) = 53k+9
106k+53
.
Case 45: m = 53k + 45 with k ≥ 1. Then f(53k + 45, 53) = 53k+8
106k+53
.
Case 46: m = 53k + 46 with k ≥ 1. Then f(53k + 46, 53) = 53k+7
106k+53
.
Case 47: m = 53k + 47 with k ≥ 1. Then f(53k + 47, 53) = 53k+6
106k+53
.
Case 48: m = 53k + 48 with k ≥ 1. Then f(53k + 48, 53) = 53k+5
106k+53
.
Case 49: m = 53k + 49 with k ≥ 1. Then f(53k + 49, 53) = 53k+4
106k+53
.
Case 50: m = 53k + 50 with k ≥ 1. Then f(53k + 50, 53) = 53k+3
106k+53
.
Case 51: m = 53k + 51 with k ≥ 1. Then f(53k + 51, 53) = 53k+2
106k+53
.
Case 52: m = 53k + 52 with k ≥ 1. Then f(53k + 52, 53) = 53k+1
106k+53
.
——————–
Conjecture F.48 If m = 54k + i where 0 ≤ i ≤ 53 then f(m, 54) depends only on k, i via
a formula, given below, with 18 exceptions (we will note the exceptions).
Case 0: m = 54k + 0 with k ≥ 1. Then f(54k, 54) = 1.
Case 1: m = 54k + 1 with k ≥ 1. Then f(54k + 1, 54) = 54k+1
108k+54
.
Case 5: m = 54k + 5 with k ≥ 2. Then f(54k + 5, 54) = 54k+5
108k+54
. (Exception: f(59, 54) =
13/36 int-exception.)
Case 7: m = 54k + 7 with k ≥ 2. Then f(54k + 7, 54) = 54k+7
108k+54
. (Exception: f(61, 54) =
25/72 int-exception.)
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Case 11: m = 54k+11 with k ≥ 4. Then f(54k+11, 54) = 54k+11
108k+54
. (Exception: f(65, 54) =
19/54 int-exception, f(119, 54) = 35/81 int-exception, f(173, 54) = 115/252 int-exception.)
Case 13: m = 54k+13 with k ≥ 8. Then f(54k+13, 54) = 54k−40
108k−54
. (Exception: f(67, 54) =
28/81 int-exception, f(121, 54) = 47/108 int-exception, f(175, 54) = 37/81 int-exception,
f(229, 54) = 101/216 int-exception, f(283, 54) = 64/135 int-exception, f(337, 54) = 155/324
int-exception, f(391, 54) = 391/810 fc-exception.)
Case 17: m = 54k + 17 with k ≥ 1. Then f(54k + 17, 54) = 54k−17
108k
.
Case 19: m = 54k+19 with k ≥ 2. Then f(54k+19, 54) = 54k−19
108k
. (Exception: f(73, 54) =
1/3 fc-exception.)
Case 23: m = 54k+23 with k ≥ 2. Then f(54k+23, 54) = 54k−23
108k
. (Exception: f(77, 54) =
1/3 fc-exception.)
Case 25: m = 54k+25 with k ≥ 2. Then f(54k+25, 54) = 54k−25
108k
. (Exception: f(79, 54) =
1/3 fc-exception.)
Case 29: m = 54k + 29 with k ≥ 1. Then f(54k + 29, 54) = 54k+29
108k+108
.
Case 31: m = 54k + 31 with k ≥ 1. Then f(54k + 31, 54) = 54k+31
108k+108
.
Case 35: m = 54k + 35 with k ≥ 2. Then f(54k + 35, 54) = 54k+35
108k+108
. (Exception:
f(89, 54) = 37/90 int-exception.)
Case 37: m = 54k + 37 with k ≥ 2. Then f(54k + 37, 54) = 54k+37
108k+108
. (Exception:
f(91, 54) = 11/27 int-exception.)
Case 41: m = 54k+41 with k ≥ 2. Then f(54k+41, 54) = 54k+13
108k+54
. (Exception: f(95, 54) =
59/144 int-exception.)
Case 43: m = 54k + 43 with k ≥ 1. Then f(54k + 43, 54) = 54k+11
108k+54
.
Case 47: m = 54k + 47 with k ≥ 1. Then f(54k + 47, 54) = 54k+7
108k+54
.
Case 49: m = 54k + 49 with k ≥ 1. Then f(54k + 49, 54) = 54k+5
108k+54
.
Case 53: m = 54k + 53 with k ≥ 1. Then f(54k + 53, 54) = 54k+1
108k+54
.
——————–
147
Conjecture F.49 If m = 55k + i where 0 ≤ i ≤ 54 then f(m, 55) depends only on k, i via
a formula, given below, with 48 exceptions (we will note the exceptions).
Case 0: m = 55k + 0 with k ≥ 1. Then f(55k, 55) = 1.
Case 1: m = 55k + 1 with k ≥ 1. Then f(55k + 1, 55) = 55k+1
110k+55
.
Case 2: m = 55k + 2 with k ≥ 1. Then f(55k + 2, 55) = 55k+2
110k+55
.
Case 3: m = 55k + 3 with k ≥ 1. Then f(55k + 3, 55) = 55k+3
110k+55
.
Case 4: m = 55k + 4 with k ≥ 1. Then f(55k + 4, 55) = 55k+4
110k+55
.
Case 6: m = 55k + 6 with k ≥ 2. Then f(55k + 6, 55) = 55k+6
110k+55
. (Exception: f(61, 55) =
37/110 int-exception.)
Case 7: m = 55k + 7 with k ≥ 2. Then f(55k + 7, 55) = 55k+7
110k+55
. (Exception: f(62, 55) =
19/55 int-exception.)
Case 8: m = 55k + 8 with k ≥ 2. Then f(55k + 8, 55) = 55k+8
110k+55
. (Exception: f(63, 55) =
39/110 int-exception.)
Case 9: m = 55k + 9 with k ≥ 2. Then f(55k + 9, 55) = 55k+9
110k+55
. (Exception: f(64, 55) =
37/110 int-exception.)
Case 12: m = 55k + 12 with k ≥ 5. Then f(55k + 12, 55) = 55k+12
110k+55
. (Exception:
f(67, 55) = 79/220 int-exception, f(122, 55) = 189/440 int-exception, f(177, 55) = 251/550
int-exception, f(232, 55) = 257/550 int-exception.)
Case 13: m = 55k + 13 with k ≥ 11. Then f(55k + 13, 55) = 55k+13
110k+55
. (Exception:
f(68, 55) = 58/165 int-exception, f(123, 55) = 191/440 int-exception, f(178, 55) = 301/660
int-exception, f(233, 55) = 411/880 int-exception, f(288, 55) = 469/990 int-exception, f(343, 55) =
579/1210 int-exception, f(398, 55) = 53/110 int-exception, f(453, 55) = 799/1650 int-exception,
f(508, 55) = 4331/8910 int-exception, f(563, 55) = 1501/3080 int-exception.)
Case 14: m = 55k + 14 with k ≥ 5. Then f(55k + 14, 55) = 55k−14
110k
. (Exception:
f(69, 55) = 97/275 int-exception, f(124, 55) = 262/605 int-exception, f(179, 55) = 427/935
int-exception, f(234, 55) = 592/1265 int-exception.)
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Case 16: m = 55k + 16 with k ≥ 1. Then f(55k + 16, 55) = 55k−16
110k
.
Case 17: m = 55k + 17 with k ≥ 1. Then f(55k + 17, 55) = 55k−17
110k
.
Case 18: m = 55k + 18 with k ≥ 1. Then f(55k + 18, 55) = 55k−18
110k
.
Case 19: m = 55k+19 with k ≥ 2. Then f(55k+19, 55) = 55k−19
110k
. (Exception: f(74, 55) =
1/3 fc-exception.)
Case 21: m = 55k+21 with k ≥ 2. Then f(55k+21, 55) = 55k−21
110k
. (Exception: f(76, 55) =
1/3 fc-exception.)
Case 23: m = 55k+23 with k ≥ 2. Then f(55k+23, 55) = 55k−23
110k
. (Exception: f(78, 55) =
1/3 fc-exception.)
Case 24: m = 55k+24 with k ≥ 2. Then f(55k+24, 55) = 55k−24
110k
. (Exception: f(79, 55) =
1/3 fc-exception.)
Case 26: m = 55k+26 with k ≥ 2. Then f(55k+26, 55) = 55k−26
110k
. (Exception: f(81, 55) =
1/3 fc-exception.)
Case 27: m = 55k+27 with k ≥ 2. Then f(55k+27, 55) = 55k−27
110k
. (Exception: f(82, 55) =
1/3 fc-exception.)
Case 28: m = 55k + 28 with k ≥ 1. Then f(55k + 28, 55) = 55k+28
110k+110
.
Case 29: m = 55k + 29 with k ≥ 1. Then f(55k + 29, 55) = 55k+29
110k+110
.
Case 31: m = 55k + 31 with k ≥ 1. Then f(55k + 31, 55) = 55k+31
110k+110
.
Case 32: m = 55k + 32 with k ≥ 1. Then f(55k + 32, 55) = 55k+32
110k+110
.
Case 34: m = 55k + 34 with k ≥ 1. Then f(55k + 34, 55) = 55k+34
110k+110
.
Case 36: m = 55k + 36 with k ≥ 2. Then f(55k + 36, 55) = 55k+36
110k+110
. (Exception:
f(91, 55) = 112/275 int-exception.)
Case 37: m = 55k + 37 with k ≥ 2. Then f(55k + 37, 55) = 55k+37
110k+110
. (Exception:
f(92, 55) = 203/495 int-exception.)
Case 38: m = 55k + 38 with k ≥ 3. Then f(55k + 38, 55) = 55k+38
110k+110
. (Exception:
f(93, 55) = 89/220 int-exception, f(148, 55) = 271/605 int-exception.)
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Case 39: m = 55k + 39 with k ≥ 4. Then f(55k + 39, 55) = 55k+39
110k+110
. (Exception:
f(94, 55) = 133/330 int-exception, f(149, 55) = 197/440 int-exception, f(204, 55) = 433/935
int-exception.)
Case 41: m = 55k + 41 with k ≥ 1, k 6= 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13. Then f(55k +
41, 55) = 55k−46
110k−88
. (Exception: f(151, 55) = 247/550 int-exception, f(206, 55) = 51/110
int-exception, f(261, 55) = 467/990 int-exception, f(316, 55) = 577/1210 int-exception,
f(371, 55) = 687/1430 int-exception, f(426, 55) = 797/1650 int-exception, f(481, 55) =
907/1870 int-exception, f(536, 55) = 1017/2090 int-exception, f(591, 55) = 161/330 int-
exception, f(646, 55) = 1237/2530 int-exception, f(701, 55) = 1347/2750 int-exception,
f(756, 55) = 27/55 fc-exception.)
Case 42: m = 55k+42 with k ≥ 2. Then f(55k+42, 55) = 55k+13
110k+55
. (Exception: f(97, 55) =
181/440 int-exception.)
Case 43: m = 55k + 43 with k ≥ 1. Then f(55k + 43, 55) = 55k+12
110k+55
.
Case 46: m = 55k + 46 with k ≥ 1. Then f(55k + 46, 55) = 55k+9
110k+55
.
Case 47: m = 55k + 47 with k ≥ 1. Then f(55k + 47, 55) = 55k+8
110k+55
.
Case 48: m = 55k + 48 with k ≥ 1. Then f(55k + 48, 55) = 55k+7
110k+55
.
Case 49: m = 55k + 49 with k ≥ 1. Then f(55k + 49, 55) = 55k+6
110k+55
.
Case 51: m = 55k + 51 with k ≥ 1. Then f(55k + 51, 55) = 55k+4
110k+55
.
Case 52: m = 55k + 52 with k ≥ 1. Then f(55k + 52, 55) = 55k+3
110k+55
.
Case 53: m = 55k + 53 with k ≥ 1. Then f(55k + 53, 55) = 55k+2
110k+55
.
Case 54: m = 55k + 54 with k ≥ 1. Then f(55k + 54, 55) = 55k+1
110k+55
.
——————–
Conjecture F.50 If m = 56k + i where 0 ≤ i ≤ 55 then f(m, 56) depends only on k, i via
a formula, given below, with 25 exceptions (we will note the exceptions).
Case 0: m = 56k + 0 with k ≥ 1. Then f(56k, 56) = 1.
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Case 1: m = 56k + 1 with k ≥ 1. Then f(56k + 1, 56) = 56k+1
112k+56
.
Case 3: m = 56k + 3 with k ≥ 1. Then f(56k + 3, 56) = 56k+3
112k+56
.
Case 5: m = 56k + 5 with k ≥ 1. Then f(56k + 5, 56) = 56k+5
112k+56
.
Case 9: m = 56k + 9 with k ≥ 2. Then f(56k + 9, 56) = 56k+9
112k+56
. (Exception: f(65, 56) =
19/56 int-exception.)
Case 11: m = 56k+11 with k ≥ 3. Then f(56k+11, 56) = 56k+11
112k+56
. (Exception: f(67, 56) =
39/112 int-exception, f(123, 56) = 73/168 int-exception.)
Case 13: m = 56k + 13 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 6, 8. Then f(56k + 13, 56) =
56k+13
112k+56
. (Exception: f(69, 56) = 5/14 int-exception, f(125, 56) = 97/224 int-exception,
f(181, 56) = 51/112 int-exception, f(237, 56) = 183/392 int-exception, f(293, 56) = 239/504
int-exception, f(349, 56) = 295/616 int-exception, f(461, 56) = 1193/2464 int-exception.)
Case 15: m = 56k+15 with k ≥ 2. Then f(56k+15, 56) = 56k−15
112k
. (Exception: f(71, 56) =
101/280 int-exception.)
Case 17: m = 56k + 17 with k ≥ 1. Then f(56k + 17, 56) = 56k−17
112k
.
Case 19: m = 56k+19 with k ≥ 2. Then f(56k+19, 56) = 56k−19
112k
. (Exception: f(75, 56) =
1/3 fc-exception.)
Case 23: m = 56k+23 with k ≥ 2. Then f(56k+23, 56) = 56k−23
112k
. (Exception: f(79, 56) =
1/3 fc-exception.)
Case 25: m = 56k+25 with k ≥ 2. Then f(56k+25, 56) = 56k−25
112k
. (Exception: f(81, 56) =
1/3 fc-exception.)
Case 27: m = 56k+27 with k ≥ 2. Then f(56k+27, 56) = 56k−27
112k
. (Exception: f(83, 56) =
1/3 fc-exception.)
Case 29: m = 56k + 29 with k ≥ 1. Then f(56k + 29, 56) = 56k+29
112k+112
.
Case 31: m = 56k + 31 with k ≥ 1. Then f(56k + 31, 56) = 56k+31
112k+112
.
Case 33: m = 56k + 33 with k ≥ 1. Then f(56k + 33, 56) = 56k+33
112k+112
.
Case 37: m = 56k + 37 with k ≥ 2. Then f(56k + 37, 56) = 56k+37
112k+112
. (Exception:
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f(93, 56) = 113/280 int-exception.)
Case 39: m = 56k + 39 with k ≥ 3. Then f(56k + 39, 56) = 56k+39
112k+112
. (Exception:
f(95, 56) = 45/112 int-exception, f(151, 56) = 25/56 int-exception.)
Case 41: m = 56k+41 with k ≥ 8. Then f(56k+41, 56) = 56k+41
112k+112
. (Exception: f(97, 56) =
23/56 int-exception, f(153, 56) = 25/56 int-exception, f(209, 56) = 181/392 int-exception,
f(265, 56) = 211/448 int-exception, f(321, 56) = 267/560 int-exception, f(377, 56) = 323/672
int-exception, f(433, 56) = 1109/2296 int-exception.)
Case 43: m = 56k + 43 with k ≥ 1. Then f(56k + 43, 56) = 56k+13
112k+56
.
Case 45: m = 56k + 45 with k ≥ 1. Then f(56k + 45, 56) = 56k+11
112k+56
.
Case 47: m = 56k + 47 with k ≥ 1. Then f(56k + 47, 56) = 56k+9
112k+56
.
Case 51: m = 56k + 51 with k ≥ 1. Then f(56k + 51, 56) = 56k+5
112k+56
.
Case 53: m = 56k + 53 with k ≥ 1. Then f(56k + 53, 56) = 56k+3
112k+56
.
Case 55: m = 56k + 55 with k ≥ 1. Then f(56k + 55, 56) = 56k+1
112k+56
.
——————–
Conjecture F.51 If m = 57k + i where 0 ≤ i ≤ 56 then f(m, 57) depends only on k, i via
a formula, given below, with 41 exceptions (we will note the exceptions).
Case 0: m = 57k + 0 with k ≥ 1. Then f(57k, 57) = 1.
Case 1: m = 57k + 1 with k ≥ 1. Then f(57k + 1, 57) = 57k+1
114k+57
.
Case 2: m = 57k + 2 with k ≥ 1. Then f(57k + 2, 57) = 57k+2
114k+57
.
Case 4: m = 57k + 4 with k ≥ 1. Then f(57k + 4, 57) = 57k+4
114k+57
.
Case 5: m = 57k + 5 with k ≥ 1. Then f(57k + 5, 57) = 57k+5
114k+57
.
Case 7: m = 57k + 7 with k ≥ 1. Then f(57k + 7, 57) = 57k+7
114k+57
.
Case 8: m = 57k + 8 with k ≥ 2. Then f(57k + 8, 57) = 57k+8
114k+57
. (Exception: f(65, 57) =
27/76 int-exception.)
Case 10: m = 57k+10 with k ≥ 3. Then f(57k+10, 57) = 57k+10
114k+57
. (Exception: f(67, 57) =
77/228 int-exception, f(124, 57) = 33/76 int-exception.)
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Case 11: m = 57k+11 with k ≥ 3. Then f(57k+11, 57) = 57k+11
114k+57
. (Exception: f(68, 57) =
79/228 int-exception, f(125, 57) = 397/912 int-exception.)
Case 13: m = 57k + 13 with k ≥ 7. Then f(57k + 13, 57) = 57k+13
114k+57
. (Exception:
f(70, 57) = 62/171 int-exception, f(127, 57) = 197/456 int-exception, f(184, 57) = 311/684
int-exception, f(241, 57) = 373/798 int-exception, f(298, 57) = 487/1026 int-exception,
f(355, 57) = 291/608 int-exception.)
Case 14: m = 57k + 14 with k ≥ 14. Then f(57k + 14, 57) = 57k−42
114k−57
. (Exception:
f(71, 57) = 58/171 int-exception, f(128, 57) = 124/285 int-exception, f(185, 57) = 313/684
int-exception, f(242, 57) = 427/912 int-exception, f(299, 57) = 541/1140 int-exception,
f(356, 57) = 655/1368 int-exception, f(413, 57) = 769/1596 int-exception, f(470, 57) =
883/1824 int-exception, f(527, 57) = 997/2052 int-exception, f(584, 57) = 1111/2280 int-
exception, f(641, 57) = 1225/2508 int-exception, f(698, 57) = 1339/2736 int-exception,
f(755, 57) = 1453/2964 int-exception.)
Case 16: m = 57k + 16 with k ≥ 1. Then f(57k + 16, 57) = 57k−16
114k
.
Case 17: m = 57k + 17 with k ≥ 1. Then f(57k + 17, 57) = 57k−17
114k
.
Case 20: m = 57k+20 with k ≥ 2. Then f(57k+20, 57) = 57k−20
114k
. (Exception: f(77, 57) =
1/3 fc-exception.)
Case 22: m = 57k+22 with k ≥ 2. Then f(57k+22, 57) = 57k−22
114k
. (Exception: f(79, 57) =
1/3 fc-exception.)
Case 23: m = 57k+23 with k ≥ 2. Then f(57k+23, 57) = 57k−23
114k
. (Exception: f(80, 57) =
1/3 fc-exception.)
Case 25: m = 57k+25 with k ≥ 2. Then f(57k+25, 57) = 57k−25
114k
. (Exception: f(82, 57) =
1/3 fc-exception.)
Case 26: m = 57k+26 with k ≥ 2. Then f(57k+26, 57) = 57k−26
114k
. (Exception: f(83, 57) =
1/3 fc-exception.)
Case 28: m = 57k+28 with k ≥ 2. Then f(57k+28, 57) = 57k−28
114k
. (Exception: f(85, 57) =
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1/3 fc-exception.)
Case 29: m = 57k + 29 with k ≥ 1. Then f(57k + 29, 57) = 57k+29
114k+114
.
Case 31: m = 57k + 31 with k ≥ 1. Then f(57k + 31, 57) = 57k+31
114k+114
.
Case 32: m = 57k + 32 with k ≥ 1. Then f(57k + 32, 57) = 57k+32
114k+114
.
Case 34: m = 57k + 34 with k ≥ 1. Then f(57k + 34, 57) = 57k+34
114k+114
.
Case 35: m = 57k + 35 with k ≥ 1. Then f(57k + 35, 57) = 57k+35
114k+114
.
Case 37: m = 57k + 37 with k ≥ 2. Then f(57k + 37, 57) = 57k+37
114k+114
. (Exception:
f(94, 57) = 39/95 int-exception.)
Case 40: m = 57k + 40 with k ≥ 3. Then f(57k + 40, 57) = 57k+40
114k+114
. (Exception:
f(97, 57) = 137/342 int-exception, f(154, 57) = 213/475 int-exception.)
Case 41: m = 57k + 41 with k ≥ 5. Then f(57k + 41, 57) = 57k+41
114k+114
. (Exception:
f(98, 57) = 139/342 int-exception, f(155, 57) = 203/456 int-exception, f(212, 57) = 317/684
int-exception, f(269, 57) = 206/437 int-exception.)
Case 43: m = 57k+43 with k ≥ 5. Then f(57k+43, 57) = 57k+14
114k+57
. (Exception: f(100, 57) =
31/76 int-exception, f(157, 57) = 17/38 int-exception, f(214, 57) = 44/95 int-exception,
f(271, 57) = 233/494 int-exception.)
Case 44: m = 57k + 44 with k ≥ 1. Then f(57k + 44, 57) = 57k+13
114k+57
.
Case 46: m = 57k + 46 with k ≥ 1. Then f(57k + 46, 57) = 57k+11
114k+57
.
Case 47: m = 57k + 47 with k ≥ 1. Then f(57k + 47, 57) = 57k+10
114k+57
.
Case 49: m = 57k + 49 with k ≥ 1. Then f(57k + 49, 57) = 57k+8
114k+57
.
Case 50: m = 57k + 50 with k ≥ 1. Then f(57k + 50, 57) = 57k+7
114k+57
.
Case 52: m = 57k + 52 with k ≥ 1. Then f(57k + 52, 57) = 57k+5
114k+57
.
Case 53: m = 57k + 53 with k ≥ 1. Then f(57k + 53, 57) = 57k+4
114k+57
.
Case 55: m = 57k + 55 with k ≥ 1. Then f(57k + 55, 57) = 57k+2
114k+57
.
Case 56: m = 57k + 56 with k ≥ 1. Then f(57k + 56, 57) = 57k+1
114k+57
.
——————–
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Conjecture F.52 If m = 58k + i where 0 ≤ i ≤ 57 then f(m, 58) depends only on k, i via
a formula, given below, with 24 exceptions (we will note the exceptions).
Case 0: m = 58k + 0 with k ≥ 1. Then f(58k, 58) = 1.
Case 1: m = 58k + 1 with k ≥ 1. Then f(58k + 1, 58) = 58k+1
116k+58
.
Case 3: m = 58k + 3 with k ≥ 1. Then f(58k + 3, 58) = 58k+3
116k+58
.
Case 5: m = 58k + 5 with k ≥ 1. Then f(58k + 5, 58) = 58k+5
116k+58
.
Case 7: m = 58k + 7 with k ≥ 1. Then f(58k + 7, 58) = 58k+7
116k+58
.
Case 9: m = 58k + 9 with k ≥ 2. Then f(58k + 9, 58) = 58k+9
116k+58
. (Exception: f(67, 58) =
10/29 int-exception.)
Case 11: m = 58k+11 with k ≥ 3. Then f(58k+11, 58) = 58k+11
116k+58
. (Exception: f(69, 58) =
10/29 int-exception, f(127, 58) = 403/928 int-exception.)
Case 13: m = 58k+13 with k ≥ 6. Then f(58k+13, 58) = 58k+13
116k+58
. (Exception: f(71, 58) =
21/58 int-exception, f(129, 58) = 25/58 int-exception, f(187, 58) = 66/145 int-exception,
f(245, 58) = 95/203 int-exception, f(303, 58) = 55/116 int-exception.)
Case 15: m = 58k+15 with k ≥ 3. Then f(58k+15, 58) = 58k−15
116k
. (Exception: f(73, 58) =
103/290 int-exception, f(131, 58) = 277/638 int-exception.)
Case 17: m = 58k + 17 with k ≥ 1. Then f(58k + 17, 58) = 58k−17
116k
.
Case 19: m = 58k + 19 with k ≥ 1. Then f(58k + 19, 58) = 58k−19
116k
.
Case 21: m = 58k+21 with k ≥ 2. Then f(58k+21, 58) = 58k−21
116k
. (Exception: f(79, 58) =
1/3 fc-exception.)
Case 23: m = 58k+23 with k ≥ 2. Then f(58k+23, 58) = 58k−23
116k
. (Exception: f(81, 58) =
1/3 fc-exception.)
Case 25: m = 58k+25 with k ≥ 2. Then f(58k+25, 58) = 58k−25
116k
. (Exception: f(83, 58) =
1/3 fc-exception.)
Case 27: m = 58k+27 with k ≥ 2. Then f(58k+27, 58) = 58k−27
116k
. (Exception: f(85, 58) =
1/3 fc-exception.)
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Case 31: m = 58k + 31 with k ≥ 1. Then f(58k + 31, 58) = 58k+31
116k+116
.
Case 33: m = 58k + 33 with k ≥ 1. Then f(58k + 33, 58) = 58k+33
116k+116
.
Case 35: m = 58k + 35 with k ≥ 1. Then f(58k + 35, 58) = 58k+35
116k+116
.
Case 37: m = 58k + 37 with k ≥ 1. Then f(58k + 37, 58) = 58k+37
116k+116
.
Case 39: m = 58k + 39 with k ≥ 2. Then f(58k + 39, 58) = 58k+39
116k+116
. (Exception:
f(97, 58) = 107/261 int-exception.)
Case 41: m = 58k + 41 with k ≥ 3. Then f(58k + 41, 58) = 58k+41
116k+116
. (Exception:
f(99, 58) = 35/87 int-exception, f(157, 58) = 13/29 int-exception.)
Case 43: m = 58k+43 with k ≥ 8. Then f(58k+43, 58) = 58k−14
116k
. (Exception: f(101, 58) =
191/464 int-exception, f(159, 58) = 13/29 int-exception, f(217, 58) = 94/203 int-exception,
f(275, 58) = 41/87 int-exception, f(333, 58) = 152/319 int-exception, f(391, 58) = 181/377
int-exception, f(449, 58) = 449/928 fc-exception.)
Case 45: m = 58k + 45 with k ≥ 1. Then f(58k + 45, 58) = 58k+13
116k+58
.
Case 47: m = 58k + 47 with k ≥ 1. Then f(58k + 47, 58) = 58k+11
116k+58
.
Case 49: m = 58k + 49 with k ≥ 1. Then f(58k + 49, 58) = 58k+9
116k+58
.
Case 51: m = 58k + 51 with k ≥ 1. Then f(58k + 51, 58) = 58k+7
116k+58
.
Case 53: m = 58k + 53 with k ≥ 1. Then f(58k + 53, 58) = 58k+5
116k+58
.
Case 55: m = 58k + 55 with k ≥ 1. Then f(58k + 55, 58) = 58k+3
116k+58
.
Case 57: m = 58k + 57 with k ≥ 1. Then f(58k + 57, 58) = 58k+1
116k+58
.
——————–
Conjecture F.53 If m = 59k + i where 0 ≤ i ≤ 58 then f(m, 59) depends only on k, i via
a formula, given below, with 65 exceptions (we will note the exceptions).
Case 0: m = 59k + 0 with k ≥ 1. Then f(59k, 59) = 1.
Case 1: m = 59k + 1 with k ≥ 1. Then f(59k + 1, 59) = 59k+1
118k+59
.
Case 2: m = 59k + 2 with k ≥ 1. Then f(59k + 2, 59) = 59k+2
118k+59
.
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Case 3: m = 59k + 3 with k ≥ 1. Then f(59k + 3, 59) = 59k+3
118k+59
.
Case 4: m = 59k + 4 with k ≥ 1. Then f(59k + 4, 59) = 59k+4
118k+59
.
Case 5: m = 59k + 5 with k ≥ 1. Then f(59k + 5, 59) = 59k+5
118k+59
.
Case 6: m = 59k + 6 with k ≥ 2. Then f(59k + 6, 59) = 59k+6
118k+59
. (Exception: f(65, 59) =
41/118 int-exception.)
Case 7: m = 59k + 7 with k ≥ 1. Then f(59k + 7, 59) = 59k+7
118k+59
.
Case 8: m = 59k + 8 with k ≥ 2. Then f(59k + 8, 59) = 59k+8
118k+59
. (Exception: f(67, 59) =
83/236 int-exception.)
Case 9: m = 59k + 9 with k ≥ 2. Then f(59k + 9, 59) = 59k+9
118k+59
. (Exception: f(68, 59) =
41/118 int-exception.)
Case 10: m = 59k+10 with k ≥ 2. Then f(59k+10, 59) = 59k+10
118k+59
. (Exception: f(69, 59) =
79/236 int-exception.)
Case 11: m = 59k+11 with k ≥ 3. Then f(59k+11, 59) = 59k+11
118k+59
. (Exception: f(70, 59) =
81/236 int-exception, f(129, 59) = 203/472 int-exception.)
Case 12: m = 59k + 12 with k ≥ 4. Then f(59k + 12, 59) = 59k+12
118k+59
. (Exception:
f(71, 59) = 83/236 int-exception, f(130, 59) = 51/118 int-exception, f(189, 59) = 377/826
int-exception.)
Case 13: m = 59k + 13 with k ≥ 5. Then f(59k + 13, 59) = 59k+13
118k+59
. (Exception:
f(72, 59) = 85/236 int-exception, f(131, 59) = 203/472 int-exception, f(190, 59) = 269/590
int-exception, f(249, 59) = 1769/3776 int-exception.)
Case 14: m = 59k + 14 with k ≥ 12. Then f(59k + 14, 59) = 59k+14
118k+59
. (Exception:
f(73, 59) = 62/177 int-exception, f(132, 59) = 205/472 int-exception, f(191, 59) = 323/708
int-exception, f(250, 59) = 441/944 int-exception, f(309, 59) = 559/1180 int-exception,
f(368, 59) = 621/1298 int-exception, f(427, 59) = 739/1534 int-exception, f(486, 59) =
857/1770 int-exception, f(545, 59) = 975/2006 int-exception, f(604, 59) = 115/236 int-
exception, f(663, 59) = 1787/3658 int-exception.)
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Case 15: m = 59k+15 with k ≥ 5. Then f(59k+15, 59) = 59k−15
118k
. (Exception: f(74, 59) =
104/295 int-exception, f(133, 59) = 281/649 int-exception, f(192, 59) = 458/1003 int-exception,
f(251, 59) = 635/1357 int-exception.)
Case 16: m = 59k+16 with k ≥ 2. Then f(59k+16, 59) = 59k−16
118k
. (Exception: f(75, 59) =
107/295 int-exception.)
Case 17: m = 59k + 17 with k ≥ 1. Then f(59k + 17, 59) = 59k−17
118k
.
Case 18: m = 59k + 18 with k ≥ 1. Then f(59k + 18, 59) = 59k−18
118k
.
Case 19: m = 59k + 19 with k ≥ 1. Then f(59k + 19, 59) = 59k−19
118k
.
Case 20: m = 59k+20 with k ≥ 2. Then f(59k+20, 59) = 59k−20
118k
. (Exception: f(79, 59) =
1/3 fc-exception.)
Case 21: m = 59k+21 with k ≥ 2. Then f(59k+21, 59) = 59k−21
118k
. (Exception: f(80, 59) =
1/3 fc-exception.)
Case 22: m = 59k+22 with k ≥ 2. Then f(59k+22, 59) = 59k−22
118k
. (Exception: f(81, 59) =
1/3 fc-exception.)
Case 23: m = 59k+23 with k ≥ 2. Then f(59k+23, 59) = 59k−23
118k
. (Exception: f(82, 59) =
1/3 fc-exception.)
Case 24: m = 59k+24 with k ≥ 2. Then f(59k+24, 59) = 59k−24
118k
. (Exception: f(83, 59) =
1/3 fc-exception.)
Case 25: m = 59k+25 with k ≥ 2. Then f(59k+25, 59) = 59k−25
118k
. (Exception: f(84, 59) =
1/3 fc-exception.)
Case 26: m = 59k+26 with k ≥ 2. Then f(59k+26, 59) = 59k−26
118k
. (Exception: f(85, 59) =
1/3 fc-exception.)
Case 27: m = 59k+27 with k ≥ 2. Then f(59k+27, 59) = 59k−27
118k
. (Exception: f(86, 59) =
1/3 fc-exception.)
Case 28: m = 59k+28 with k ≥ 2. Then f(59k+28, 59) = 59k−28
118k
. (Exception: f(87, 59) =
1/3 fc-exception.)
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Case 29: m = 59k+29 with k ≥ 2. Then f(59k+29, 59) = 59k−29
118k
. (Exception: f(88, 59) =
1/3 fc-exception.)
Case 30: m = 59k + 30 with k ≥ 1. Then f(59k + 30, 59) = 59k+30
118k+118
.
Case 31: m = 59k + 31 with k ≥ 1. Then f(59k + 31, 59) = 59k+31
118k+118
.
Case 32: m = 59k + 32 with k ≥ 1. Then f(59k + 32, 59) = 59k+32
118k+118
.
Case 33: m = 59k + 33 with k ≥ 1. Then f(59k + 33, 59) = 59k+33
118k+118
.
Case 34: m = 59k + 34 with k ≥ 1. Then f(59k + 34, 59) = 59k+34
118k+118
.
Case 35: m = 59k + 35 with k ≥ 1. Then f(59k + 35, 59) = 59k+35
118k+118
.
Case 36: m = 59k + 36 with k ≥ 1. Then f(59k + 36, 59) = 59k+36
118k+118
.
Case 37: m = 59k + 37 with k ≥ 1. Then f(59k + 37, 59) = 59k+37
118k+118
.
Case 38: m = 59k + 38 with k ≥ 1. Then f(59k + 38, 59) = 59k+38
118k+118
.
Case 39: m = 59k + 39 with k ≥ 2. Then f(59k + 39, 59) = 59k+39
118k+118
. (Exception:
f(98, 59) = 119/295 int-exception.)
Case 40: m = 59k + 40 with k ≥ 2. Then f(59k + 40, 59) = 59k+40
118k+118
. (Exception:
f(99, 59) = 97/236 int-exception.)
Case 41: m = 59k + 41 with k ≥ 3. Then f(59k + 41, 59) = 59k+41
118k+118
. (Exception:
f(100, 59) = 95/236 int-exception, f(159, 59) = 290/649 int-exception.)
Case 42: m = 59k + 42 with k ≥ 4. Then f(59k + 42, 59) = 59k+42
118k+118
. (Exception:
f(101, 59) = 143/354 int-exception, f(160, 59) = 211/472 int-exception, f(219, 59) = 464/1003
int-exception.)
Case 43: m = 59k + 43 with k ≥ 7. Then f(59k + 43, 59) = 59k+43
118k+118
. (Exception:
f(102, 59) = 145/354 int-exception, f(161, 59) = 263/590 int-exception, f(220, 59) = 109/236
int-exception, f(279, 59) = 445/944 int-exception, f(338, 59) = 563/1180 int-exception,
f(397, 59) = 992/2065 int-exception.)
Case 44: m = 59k + 44 with k ≥ 1, k 6= 1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13. Then f(59k +
44, 59) = 59k−14
118k
. (Exception: f(103, 59) = 193/472 int-exception, f(162, 59) = 53/118 int-
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exception, f(221, 59) = 383/826 int-exception, f(280, 59) = 167/354 int-exception, f(339, 59) =
619/1298 int-exception, f(398, 59) = 737/1534 int-exception, f(516, 59) = 973/2006 int-
exception, f(575, 59) = 1091/2242 int-exception, f(634, 59) = 403/826 int-exception, f(693, 59) =
1327/2714 int-exception, f(752, 59) = 289/590 int-exception, f(811, 59) = 521/1062 int-
exception.)
Case 45: m = 59k+45 with k ≥ 2. Then f(59k+45, 59) = 59k+14
118k+59
. (Exception: f(104, 59) =
97/236 int-exception.)
Case 46: m = 59k + 46 with k ≥ 1. Then f(59k + 46, 59) = 59k+13
118k+59
.
Case 47: m = 59k + 47 with k ≥ 1. Then f(59k + 47, 59) = 59k+12
118k+59
.
Case 48: m = 59k + 48 with k ≥ 1. Then f(59k + 48, 59) = 59k+11
118k+59
.
Case 49: m = 59k + 49 with k ≥ 1. Then f(59k + 49, 59) = 59k+10
118k+59
.
Case 50: m = 59k + 50 with k ≥ 1. Then f(59k + 50, 59) = 59k+9
118k+59
.
Case 51: m = 59k + 51 with k ≥ 1. Then f(59k + 51, 59) = 59k+8
118k+59
.
Case 52: m = 59k + 52 with k ≥ 1. Then f(59k + 52, 59) = 59k+7
118k+59
.
Case 53: m = 59k + 53 with k ≥ 1. Then f(59k + 53, 59) = 59k+6
118k+59
.
Case 54: m = 59k + 54 with k ≥ 1. Then f(59k + 54, 59) = 59k+5
118k+59
.
Case 55: m = 59k + 55 with k ≥ 1. Then f(59k + 55, 59) = 59k+4
118k+59
.
Case 56: m = 59k + 56 with k ≥ 1. Then f(59k + 56, 59) = 59k+3
118k+59
.
Case 57: m = 59k + 57 with k ≥ 1. Then f(59k + 57, 59) = 59k+2
118k+59
.
Case 58: m = 59k + 58 with k ≥ 1. Then f(59k + 58, 59) = 59k+1
118k+59
.
——————–
Conjecture F.54 If m = 60k + i where 0 ≤ i ≤ 59 then f(m, 60) depends only on k, i via
a formula, given below, with 12 exceptions (we will note the exceptions).
Case 0: m = 60k + 0 with k ≥ 1. Then f(60k, 60) = 1.
Case 1: m = 60k + 1 with k ≥ 1. Then f(60k + 1, 60) = 60k+1
120k+60
.
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Case 7: m = 60k + 7 with k ≥ 1. Then f(60k + 7, 60) = 60k+7
120k+60
.
Case 11: m = 60k+11 with k ≥ 3. Then f(60k+11, 60) = 60k+11
120k+60
. (Exception: f(71, 60) =
41/120 int-exception, f(131, 60) = 69/160 int-exception.)
Case 13: m = 60k + 13 with k ≥ 5. Then f(60k + 13, 60) = 60k+13
120k+60
. (Exception:
f(73, 60) = 43/120 int-exception, f(133, 60) = 103/240 int-exception, f(193, 60) = 137/300
int-exception, f(253, 60) = 187/400 int-exception.)
Case 17: m = 60k + 17 with k ≥ 1. Then f(60k + 17, 60) = 60k−17
120k
.
Case 19: m = 60k + 19 with k ≥ 1. Then f(60k + 19, 60) = 60k−19
120k
.
Case 23: m = 60k+23 with k ≥ 2. Then f(60k+23, 60) = 60k−23
120k
. (Exception: f(83, 60) =
1/3 fc-exception.)
Case 29: m = 60k+29 with k ≥ 2. Then f(60k+29, 60) = 60k−29
120k
. (Exception: f(89, 60) =
1/3 fc-exception.)
Case 31: m = 60k + 31 with k ≥ 1. Then f(60k + 31, 60) = 60k+31
120k+120
.
Case 37: m = 60k + 37 with k ≥ 1. Then f(60k + 37, 60) = 60k+37
120k+120
.
Case 41: m = 60k + 41 with k ≥ 2. Then f(60k + 41, 60) = 60k+41
120k+120
. (Exception:
f(101, 60) = 49/120 int-exception.)
Case 43: m = 60k + 43 with k ≥ 4. Then f(60k + 43, 60) = 60k+43
120k+120
. (Exception:
f(103, 60) = 73/180 int-exception, f(163, 60) = 107/240 int-exception, f(223, 60) = 167/360
int-exception.)
Case 47: m = 60k + 47 with k ≥ 1. Then f(60k + 47, 60) = 60k+13
120k+60
.
Case 49: m = 60k + 49 with k ≥ 1. Then f(60k + 49, 60) = 60k+11
120k+60
.
Case 53: m = 60k + 53 with k ≥ 1. Then f(60k + 53, 60) = 60k+7
120k+60
.
Case 59: m = 60k + 59 with k ≥ 1. Then f(60k + 59, 60) = 60k+1
120k+60
.
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G Appendix G: Table of Exceptions
By Theorem 11.13, for all s, for almost all m ≤
s3 + 2s2 + s
2
, f(m, s) = FC(m, s). If
INT (m, s) < FC(m, s) then f(m, s) < FC(m, s). We call m an int-exception.
By Theorem 11.14, for all s, there is a nice formula such that, for almost all m ≤
s2 + s
4
,
FC(m, s) follows that formula. For 1 ≤ s ≤ 60 we have taken data to find that formula. If
f(m, s) does not follow that formula then we call m an fc-exception.
The table below gives, for 1 ≤ s ≤ 60
1. The number of occurrences of an fc-exception
2. The largest fc-exception
3. The analytic bound on the largest fc-exception, s
2+s
4
.
4. The number of occurrences of an int-exception
5. The largest int-exception
6. The analytic bound on the largest int-exception, s
3+2s2+s
2
.
Let occfc(s) be the number of occurrences of an fc-exception for s. Let OCCFC(s) =
max1≤t≤s occfc(t). By curve fitting we have an empirical formula for an upper bound on
OCCFC(s). which is O(s).
We have done the same for the largest fc-exception, the number of occurrences of int-
exceptions, and the largest int-exceptions.
For fc-exceptions the largest one looks like O(s2) though this is only because of a few
points. For int-exceptions the number of them looks like O(s) and the largest looks like
O(s2). This indicates that Theorem 11.13 cannot be improved by much.
s2+s
4
4 s
3+2s2+s
2
162
s Occs. Largest Analytic Bound Occs. Largest Analytic Bound
1 0 NONE 1 0 NONE 2
2 0 NONE 2 0 NONE 9
3 0 NONE 3 0 NONE 24
4 0 NONE 5 0 NONE 50
5 1 7 8 0 NONE 90
6 0 NONE 11 0 NONE 147
7 1 10 14 1 19 224
8 1 11 18 0 NONE 324
9 1 13 23 4 47 450
10 1 14 28 0 NONE 605
11 2 16 33 5 52 792
12 1 17 39 0 NONE 1014
13 2 19 46 9 94 1274
14 2 20 53 3 59 1575
15 2 22 60 8 131 1920
16 2 23 68 2 27 2312
17 3 25 77 12 157 2754
18 2 26 86 2 67 3249
19 3 28 95 15 204 3800
20 3 29 105 2 33 4410
21 3 31 116 15 257 5082
22 3 32 127 7 137 5819
23 4 34 138 20 293 6624
163
24 3 35 150 5 89 7500
25 4 37 163 20 356 8450
26 4 38 176 9 201 9477
27 4 40 189 20 425 10584
28 4 41 203 4 61 11774
29 5 43 218 29 471 13050
30 7 307 233 7 247 14415
31 5 46 248 32 550 15872
32 5 47 264 10 151 17424
33 5 49 281 26 635 19074
34 6 161 298 13 331 20825
35 6 52 315 28 691 22680
36 5 53 333 5 97 24642
37 6 55 352 42 786 26714
38 7 199 371 18 427 28899
39 6 58 390 34 887 31200
40 6 59 410 12 229 33620
41 7 61 431 45 953 36162
42 7 241 452 12 493 38829
43 7 64 473 49 1064 41624
44 7 65 495 7 141 44550
45 7 67 518 35 1181 47610
46 8 287 541 22 609 50807
47 10 528 564 54 1257 54144
164
48 7 71 588 15 347 57624
49 8 73 613 56 1384 61250
50 9 337 638 22 737 65025
51 8 76 663 46 1517 68952
52 8 77 689 10 193 73034
53 9 79 716 64 1603 77274
54 9 810 743 22 823 81675
55 10 756 770 59 1746 86240
56 9 83 798 21 461 90972
57 9 85 827 54 1895 95874
58 10 449 856 27 971 100949
59 10 88 885 74 1991 106200
60 9 89 915 10 253 111630
By curve fitting we obtain the following empirical results:
1. The number of occurrences of an fc-exception for ≤ s is ≤ s
5
+ 1.
2. The largest fc-exception for ≤ s is ≤ 16
45
s2. Most of the fc-exceptions happen when
FC(m, s) = 1
3
. If those were the only fc-exceptions then the bound would be O(s).
There are a few fc-exceptions that are not of this type. In those cases the actual value
is quite large. This happens when s = 30, 34, 38, 42, 46, 47.
3. The number of occurrences of an int-exception for ≤ s is ≤ 13
10
s.
4. The largest int-exception for ≤ s is ≤ 3
5
s2. This indicates that the bound in Theo-
rem 11.13 might get reduced to quadratic but no lower than that.
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